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ABSTRACT
Surface plasmon resonance is a charge-density oscillation that exists at the interface of 
two media with dielectric constants of opposite signs, e.g. a metal and a dielectric. Noble metals 
such as silver and gold that possess a negative real and a positive imaginary electric permittivity 
are capable of supporting a localized surface plasmon resonance (LSPR) if an incident light 
interacts with them. Applications of LSPR such as surface enhanced Raman scattering (SERS), 
biosensing, and nano-optics are sharply growing. Therefore, investigating and understanding 
the parameters that affect the LSPR spectrum is important for optimum design and fabrication 
of LSPR devices. 
This thesis studies different parameters relating to geometrical structures and light 
attributes that affect the LSPR spectrum characteristics such as plasmon wavelength shift, 
surface electric field enhancement factor, and extinction/scattering spectrum sharpness. 
This work is carried out in following stages: 
(i) Investigating the impact of various physical parameters of nano-particles and light 
polarisation on the LSPR spectrum;
(ii) Design, mathematical analysis, and electromagnetic modelling of a nano-structure 
which presents high electric field enhancement, extinction/scattering spectrum 
sharpness, and linear resonance wavelength with respect to the physical dimensions 
of the proposed nano-structure; 
(iii) Fabrication of the proposed nano-structure using electron beam lithography  and 
electron beam evaporator;
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(iv) Imaging of the fabricated nano-structure using atomic filed microscopy and 
acquiring the scattering spectrum using dark field microscopy; and
(v) Mathematical formulation of a model that best fits the nano-structures 
characteristics, and optimized design of a nano-structure which satisfies the 
required characteristics.
According to the simulation and fabrication results, we obtained a new nano-structure, 
called nano-sinusoid, which has better plasmonic features than other sharp tip nano-structures, 
like nano-triangles and nano-diamonds. The proposed nano-structure presents more linearity 
in the relation of the plasmonic resonance wavelength with the physical dimensions of the NPs. 
In addition, it has higher surface electric field enhancements and shorter plasmonic spectrum 
width, which are the main features of a good plasmonic structure in biosensoing applications. 
The simulation results are validated by means of the analytical electromagnetic solution 
methods, like electrostatic eigenmode method, and characterization of the fabricated nano-
structures. Moreover, the capability of the electron beam lithography and E-beam evaporation 
devices in the fabrication of any arbitrary shape nano-structures is demonstrated. 
Furthermore, it is demonstrated that static modelling methods, such as the response 
surface method, and non-linear optimization methods can be utilized to mathematically model 
the relationship between the plasmonic features including resonance wavelength, scattering 
cross section, and the plasmon spectrum sharpness versus the physical dimensions of the nano-
structures. Using, this mathematical models, nano-structures with any arbitrary desirable 
spectrum features can be designed.
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1 CHAPTER 1
INTRODUCTION
1.1 Background 
In electromagnetic theory, the plasmon resonance of a particle is defined as the collective 
oscillation of the electrons of the particle, and quantum theory defines plasmon as the result of 
interaction of electrons with a photon [1]. Dipole and higher orders of plasmon excitation, such 
as quadrupole, may be generated when half of the electrons move parallel and the other half 
antiparallel to the applied field.
When a noble metal (e.g. silver or gold) is illuminated with light, due to coupling between 
the light and electrons, the light is slowed down and confined to the surface of the metal. This 
phenomenon leads to enhancement and confinement of the light near the metallic surface, 
which is called a surface plasmon. Surface plasmons can either be propagating, e.g. on the 
surface of a grating, which is called propagation surface plasmon resonance (PSPR), or 
localized on the surface of a nano-particle (NP), which is called localized surface plasmon 
resonance (LSPR). Accordingly, the electromagnetic response of metals to optical waves is 
called plasmonics when considering PSPR devices, or nano-plasmonics when considering 
LSPR devices.
1.2 Propagating surface plasmon resonance (PSPR) 
In order to describe PSPR, it is helpful to start with the phenomenon of total internal 
reflection (TIR) which occurs at an interface between non-absorbing media (Figure 1-1). When 
24
a light beam propagating in a medium of higher refractive index ݊ଵ meets an interface at a 
medium of lower refractive index ݊ଶ at an angle of incidence above a critical angle (ߠ), the 
light is totally reflected at the interface and propagates back into the high refractive index 
medium [2]. Wave vector and wave number are terms usually used in this field. Vector 
representation of a wave is called a wave-vector, wave-number is the magnitude of a wave-
vector, and the direction of the wave-vector indicates the direction of wave propagation.
Figure 1-1. PSPR on a gold film at incident angle T [2].
Although the fully reflected beam does not lose any net energy across the TIR interface, 
the light beam leaks an electrical field intensity called an evanescent field wave (with wave-
vector ݇௫), into the low refractive index medium. If the TIR-interface is coated with a layer of 
a suitable conducting material, such as a metal of a suitable thickness, the p-polarised
(transversal electric (TE)) component of the evanescent field wave may penetrate the metal 
layer and excite the electromagnetic surface plasmon waves (wave vector ݇௦௣) propagating 
within the conductor surface that is in contact with the low refractive index medium. For a non-
magnetic metal like gold, this surface plasmon wave will also be p-polarised and, due to its 
electromagnetic and surface propagating nature, will create an enhanced evanescent wave 
compared to the intensity of the incident electromagnetic field. When the wave-vector for the 
photon, ݇௫, and plasmon, ݇௦௣, are equal in magnitude and direction for the same frequency of 
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the waves, the enhanced evanescent filed is generated. Once this condition is reached at the
incident angle T, the reflected intensity at the angle T will not show any reflected energy due 
to converting this energy to the surface electric field. 
The amplitude of this evanescent field wave decreases exponentially with the distance 
from the interface, with more penetration into the optically thinner medium of ݊ଶ, decaying 
over a distance of about one half of its resonance wavelength from the surface; e.g. for visible 
light the field decays within a few hundred nano-meters. Therefore, only analyte molecules are 
probed in the evanescent region. However, S-polarised light (transversal magnetic (TM))
includes only the electric field component parallel to the substrate surface; therefore, S-
polarised light is not able to produce a surface charge density and surface polaritons. 
1.3 Localized surface plasmon resonance (LSPR) 
When metal NPs are illuminated with electromagnetic fields, the orbital electrons interact 
with the waves and start resonating at some frequencies, which are called resonance 
frequencies (Figure 1-2). This resonance leads to plasmons that are localized around and on 
the surface of the NPs, which are called localized surface plasmon resonances (LSPRs).
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Figure 1-2. A localized surface plasmon resonance [3].
The nano-plasmonic phenomenon, or LSPR, happens when the particle permittivity is a 
complex function of frequency, its real part is negative in some frequencies, and the incident 
field wavelength is large in comparison with particle dimensions; these two conditions only 
occur in nano-scale and in the Vis-NIR optical range [4].
The LSPR frequencies are the peaks in an extinction spectrum of the particles. For 
example, Figure 1-3 shows the extinction energy profile of a nano-triangle versus wavelength. 
The figure shows a plasmon resonance at wavelength 420 nm [5]. Like PSPR, the resonance 
frequency is very sensitive to the environment or media that is in close proximity to the nano-
metals. This characteristic makes LSPR devices very suitable for applications such as 
biomolecular sensing, where antigens conjugate to antibodies placed on top of the 
functionalized metal NPs. The detection is achieved via measuring shifts in the extinction peak 
wavelength before and after the biomolecular conjugation. However, the decay length of LSPR 
evanescent wave is significantly smaller than the decay length of PSPR, in the order of 20 nm 
for a 30-nm-diameter spherical gold nanoparticle [6].
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Figure 1-3. Extinction spectrum of a silver triangle NP versus incident light wavelength [8].
There are two types of plasmon modes. One is radiating fields from excitation of dipoles, 
called bright or radiative mode; and the other one is the direct result of the incidence of 
evanescent fields of nearby bright particles with zero dipole excitation, called irradiative or 
dark mode [7]. In the first type, the plasmon bridges the electromagnetic fields between near 
and far-field zones, NPs function as some optical antenna, and plasmons are clearly visible in 
the optical range (wavelengths 350-1000 nm) [8]. In contrast, dark modes do not couple 
efficiently to light; in other word, plasmons are tightly bound to the surface of the particle 
without any coupling with far-field propagation of light. Moreover, the imaginary part of the 
electric permittivity of the metal leads to the damping mechanism of the dark mode. As a result, 
the bright plasmon mode can be remarkably wider than the dark plasmon mode [9]. The 
obvious interference and coupling of dark and bright field plasmons, directly lead to Fano 
resonances, which have been demonstrated to be considerably more sensitive to the dielectric 
environment than the plasmon modes of nano-structures. Therefore, this effect greatly 
enhances the sensitivity of the LSPR sensors with an increase in the LSPR figure of merit 
(FoM) [10].
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The scattered light from these two phenomena can easily be observed by using a dark-
field microscopy instrument, which measures the energy of the scattered wave from NPs. 
Generally, two main limiting factors of radiative damping and resistive losses influence 
the electric field enhancement. The first entity is caused by induced dipole and to a lesser extent 
by multipole fields of the particle, and can be controlled with careful design of geometries, 
while the resistive loss is a property of the material [11]. Parameters affecting the plasmon 
wavelength tunability include NP shape, size, inter-particle spacing, orientation of NPs, 
environment media, substrate, and incident wave polarisation direction. 
1.4 Motivations 
Nowadays, a wide range of LSPR applications can be found in several fields including
medicine, biology, and environmental monitoring. One of the key applications of LSPR is 
biosensing. A biosensor is an analytical device containing a biological recognition element 
immobilized on a solid surface, and a transduction element which converts analyte binding 
events into a measurable signal. Thus, biosensing is a coupling of a ligand receptor to a signal 
transducer. There are various transducers including optical, magnetic, electrochemical, 
radioactive, piezoelectric, micromechanical, and mass spectrometric. Optical transducers offer 
better features than other transducers; they exhibit higher detection sensitivity, and insensitivity 
to electromagnetic interference. Another advantage of optical biosensors is their real time 
response to biomolecular interactions. Optical methods employed in biosensors include 
fluorescence spectroscopy, interferometry, and surface plasmon resonance or SPR. As 
explained before, SPR works based on evanescent electromagnetic in PSPR or LSPR, which 
can monitor a broad range of analyte surface binding interactions such as absorption of small 
molecules, proteins, antibody-antigen, DNA and RNA hybridization. 
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The foremost advantage of the evanescent wave techniques such as PSPR and LSPR 
methods are that they are label free sensing devices, in the sense that there is no need to label 
the target molecules with different types of reagents, such as fluorescent dyes or enzymes. On 
the other hand, traditional methods like ELISA (Enzyme Linked Immuno-Sorbent Assay), need 
labelling of antibodies by linking them to enzymes as labels.
LSPR sensors have a decaying length in the range of 40-50 nm, while the decaying length 
of PSPR sensors is around 200 nm. The decaying lengths are shown as the gradient of the 
scattered electromagnetic wave intensity from the surface of a gold nano-film for a small 
decaying distance ߜௗ as shown in Figure 1-4(a) (i.e. a PSPR sensor), or for a large decaying 
distance ߜௗ as shown in Figure 1-4(b) (i.e. a LSPR sensor). 
Figure 1-4. Difference between decaying distance ࢾࢊ of (a) a  PSPR and (b) a LSPR sensor [6].
The figures also show bioreceptors (antibodies) and target biomelcules (antigens) 
conjugated together on the surface of the plasmonic substrate. The target biomolecules are the 
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biomolecules detected or quantified using the sensor, and the bioreceptor is a molecule 
immobilized on the surface of the sensor to capture the target biomolecule. The relative smaller 
decaying length of LSPR sensors than PSPR sensors leads to a lower sensitivity of LSPR 
sensors than PSPR ones due to their smaller bulk refractive index changes than that of PSPR 
sensors. However, smaller decaying lengths cause better response to changes in close proximity 
of the NPs surface in LSPR sensors, as required for biosensing applications. In addition, the 
bulk detection of PSPR sensors, caused by conjugation of huge number of the target 
biomolecules on the surface of the metal film of PSPR sensors, makes them unsuitable for
detecting single target biomolecules. However, LSPR sensors are more appropriate than PSPR 
sensors for single molecule detection, due to their localized enhanced surface electric fields 
[6].
Furthermore, there is a lack of real time processing, and parallel monitoring of multiple 
species in PSPR sensors. To overcome this limitation, biosensor arrays are implemented to 
minimize the number of analyte molecules per sensor element, to decrease the measurement 
time and the volume of required sample, and to increase the detection accuracy. Since the size 
of PSPR sensors is limited to few μm2, implementation of PSPR sensors in very large arrays is 
difficult. Therefore, noble metal NPs are proposed in the new LSPR sensors [12].
Moreover, there is more flexibility in tuning the resonance frequencies of LSPR devices 
than PPSR ones due to advances in nano-fabrication instruments by varying shape, size, and 
material of the nanoparticles. Another advantage of LSPR sensors compared to PSPR sensors 
is in their lower mechanical complexity, e.g. in PSPR sensors light is incident to the metal 
surface via a prism; however, in LSPR sensors electrons (i.e. plasmons) are excited by direct 
illumination [3].
31
All the described advantages of LSPR sensors have motivated us to focus on LSPR 
sensors in this thesis.
1.5 Aims and objectives 
In this thesis, the aim is to optimally design, simulate, and fabricate a tuneable LSPR 
device, which is employed for applications such as biosensing in our future works. The 
optimum design is implemented using an optimization method for a particular LSPR device of 
required characteristics including resonance wavelength, high electric field enhancement, and 
sharp spectrum. This optimization will significantly reduce the fabrication cost.
The topography of NPs and their substrate and environment, and the incident light 
polarisation have serious impacts on plasmonic resonance wavelength and scattering 
performance, or in other words, the surface electric field enhancement factor, measured by 
extinction, scattering, and absorption cross sections. To use LSPR in applications such as 
biosensing for detection of a special biomolecule with a particular resonance wavelength, a
nano-plasmonic structure will be designed with the following objectives:
1. A topography must be suggested for the LSPR NPs to exhibit a linear relationship 
between the plasmon resonance wavelength and some physical parameters such as size 
or aspect ratio, while presenting high surface electric field enhancement factor, so that 
the plasmon wavelength can be finely tuned for a particular application.
2. The NPs are put in a chain close to each other to increase the surface electric field 
enhancement at hot spots in between the NPs; accordingly, adjusting the spacing 
between NPs and their orientation in a chain, which impacts on the enhancement factor, 
must to be optimized.
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3. In biosensing applications, the LSPR wavelength must be optimally equal to the 
resonance wavelength of target biomolecules to be detected or quantified. Therefore, 
the NPs structure are to be mathematically optimized to present the desirable plasmonic 
spectrum with the required resonance wavelength, while maintaining maximum 
enhancements and enough sharpness of the extinction cross section.
4. The designed architecture is firstly simulated, and then fabricated using nano-
fabrication devices. The results of the fabricated sensor must match those of the
simulated LSPRs.
Regarding the above objectives, the key research question to be tackled in this thesis is:
“Can one suggest and optimally design a nano-structure presenting maximum LSPR 
enhancement, sharp spectrum, and linearity relation of the plasmon resonance wavelength with 
physical dimensions of the nano-structure, and then finely tune the resonance wavelength by 
finding a reasonable set of physical parameters of the nano-structure from a predicted 
mathematical model of the nano-structure?”
To address the research question, different NP shapes are simulated, and the effect of 
changing the physical parameters on the LSPR spectrum is explored to find the best singular 
NP topography for satisfying the linearity characteristic and high enhancement requirements. 
Then, the optimal NPs and substrates are investigated in an array of nano-structures for finding 
the best arrangement and orientation of the particles in a chain. Finally, the optimum structure 
is fabricated and characterized to validate the modelling process. A mathematical modelling 
and optimization procedure is developed to assist with the design of the nano-structure for a 
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particular resonance wavelength application while having high surface electric field 
enhancement and a sharp extinction or scattering cross section.
1.6 Thesis contributions 
The main findings and contributions arising from this thesis are listed as follows:
1. Carried out a comprehensive investigation of the literature and determined the 
effect of NPs physical geometry and substrate material on the plasmon spectrum.
2. Proposed a new NP shape named “nano-sinusoid” with sharp tips to present two hot 
spots, better linearity characteristics, higher surface electric filed, and sharper 
scattering spectrum than other sharp tip nano-structures like nan-triangles and nano-
diamonds.
3. Proposed coating alumina on top of the NPs to protect the surface of the particles 
from oxidizing and thermal deformation, fine tuning the LSPR resonance 
wavelength, and sharpening the LSPR spectrum.
4. Fabricated the nano-sinusoid particles in various structures (e.g. different size, chain 
length, and spacing in between the NPs), then characterized the fabricated NPs
using AFM and dark field microscopy instruments, and finally validated the 
modelling results based on the characterization outcome.
5. Optimally designed a special LSPR device of a desired resonance wavelength 
associated with high electric field enhancement and sharp scattering spectrum, 
using the statistical model prediction method of response surface method (RSM)
[13], and the mathematical optimization method of non-linear programming (NLP)
[14].
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1.7 Thesis layout 
Chapter 2 presents the mathematical theory of electromagnetic waves and Maxwell’s 
equations. Then the numerical method of Finite Difference Time Domain (FDTD) method is 
introduced which is used for solving Maxwell’s equations. In addition, the analytical method 
of electrostatic eigenmode method for solving Maxwell’s equations on LSPR nano-structures 
is described.
Chapter 3 gives the literature review on the existing LSPR structures, and the impact of 
various physical parameters on the LSPR behaviour. 
Chapter 4 presents the modelling and simulation of conventional LSPR nano-structures 
and the proposed LSPR nano-sinusoid structure. The obtained results demonstrate the benefits 
of using the proposed nano-sinusoids compared to the traditional sharp tip NPs such as nano-
triangles and nano-diamonds. In addition, the effect of alumina cap in modifying the LSPR 
response is described.
Chapter 5 outlines the procedure developed for fabrication of the nano-sinusoid 
prototype. Then, characterization tools are explained. Finally, the results of characterization of 
the fabricated nano-sinusoids are explained, and then the results are compared with those of 
other sharp tip nano-structures.
Chapter 6 proposes statistical modelling of the LSPR characteristics as a function of its 
physical parameters using the statistical RSM method. This model is employed in a NLP 
method to optimally design the nano-sinusoid dimensions, which is desirable for a particular 
application with a required resonance wavelength, and maximum surface electric field 
enhancement, and sharp scattering spectrum.
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Finally, Chapter 7 concludes the thesis by giving a discussion on the developed nano-
structures, and providing suggestions on the future development of the nano-structures as a
biosensor.
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2 CHAPTER 2
THEORETICAL CONCEPTS
2.1 Maxwell’s Equations 
Maxwell’s equations are utilized to model the interaction of light with metal NPs. The 
macroscopic forms of these equations are as follows:
׏ × ࡱ = ࡶ௠ െ డ࡮డ௧ (2-1)
׏ ×ࡴ = ࡶ௘ + డࡰడ௧ (2-2)
׏.۲ = ߩ௘ (2-3)
׏.۰ = 0 (2-4)
Equations (2-1) and (2-2) are called curl equations, and Equations (2-3) and (2-4) are 
called divergence equations. In these equations, the bold letters represent vector values and 
other letters represent scalar values; ࡱ is electric field intensity, ࡴ is magnetic field intensity, 
۲ is electric flux intensity, ۰ is magnetic flux intensity, ࡶ௠ is magnetic current density per unit 
length, ࡶ௘ is electric current density per unit length, and ߩ௘ is electric charge density per unit 
surface. These values are associated with each other through the following equations:
ࡶ௘ = ߪࡱ (2-5)
ࡶ௠ = ߪכࡴ (2-6)
ࡰ = ߝࡱ (2-7) 
࡮ = ߤࡴ (2-8)
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where ߪ and ߪכ are electric and magnetic conductivity, respectively; ߝ is electric permittivity, 
and ߤ is magnetic permeability. These constants are related to vacuum permittivity and 
permeability as follows:
ߝ = ߝ௥ߝ଴ (2-9)
ߤ = ߤ௥ߤ଴ (2-10)
where values with subscript 0 indicate the parameters of free space, and the values with 
subscript ݎ indicate relative parameters. These equations are the base of all other formulas 
presented in the next sections. In addition, the boundary conditions at the border ܣ of two 
different materials shown with subscripts 1 and 2 in Figure 2-1 are:
ܖෝ. (۲૛ െ ۲૚) = ߩ௘ (2-11)
ܖෝ. (۰૛ െ ۰૚) = 0 (2-12)
ܖෝ × (۳૛ െ ۳૚) = ߩ௘ (2-13)
ܖෝ × (۶૛ െ ۶૚) = ߩ௘ (2-14)
where ܖෝ is the unit vector normal to the border ܣ between the two media, and ߝଵ and ߝଶ are 
electric permittivity of the two media. These equations show continuity of tangential 
components of electric and magnetic fields and normal component of magnetic flux density at 
the interface, but the normal component of electric flux density.
Figure 2-1. Boundary conditions of two adjacent materials at the border ࡭.
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The magnitude and direction of energy flow rate absorbed by the NP in space is defined 
by the Poynting vector ࡿ:
ࡿ = ࡱ ×ࡴכ (2-15)
Thus, if a surface ܣ with normal vector ࢔ෝ surrounds a NP, the electromagnetic energy 
rate transferred outside the surface is ࡿ.࢔ෝܣ, if ܣ has a uniform shape (see Figure 2-1).
If the fields inside the particle and in the medium are denoted by (ࡱ૚,ࡴ૚) and (ࡱ૛,ࡴ૛),
respectively, the field outside the particle can be written as the summation of the incident 
electromagnetic wave (ࡱ࢏,ࡴ࢏ ) and the electromagnetic wave (ࡱ࢙,ࡴ࢙ ) scattered from the 
surface of the NP, as follows:
ࡱ૛ = ࡱ࢏ + ࡱ࢙ (2-16) 
ࡴ૛ = ࡴ࢏ +ࡴ࢙ (2-17)
The boundary conditions on Maxwell’s equations necessitate that: 
[ࡱ૛ െ ࡱ૚] × ࢔ෝ = 0 (2-18) 
[ࡴ૛ െ ࡴ૚] × ࢔ෝ = 0 (2-19) 
Suppose that one particle is exposed to electromagnetic wave. If the energy received by 
a detector downstream the particle is U, then by removing the particle, this energy will be 
increased to ܷ଴. If the medium is non-absorbing, the difference rate ܷ଴ െ ܷ will be due to 
absorption inside the particle and the scattering by the particle. This extinction depends on the 
chemical composition, shape, size, number and arrangement of particles in a chain, and 
polarisation direction of the incident wave. Therefore, the total absorbed energy ( ௔ܹ௕௦) by a 
surface A around one particle, is calculated as:
௔ܹ௕௦ = െ׬ࡿ.࢔ෝܣ (2-20)
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Since the medium is non-absorbing, if ௔ܹ௕௦ > 0, it means that energy is absorbed inside 
the particle. Therefore:
௔ܹ௕௦ = ௜ܹ௡௖ െ ௦ܹ௖௔௧ + ௘ܹ௫௧ (2-21)
where ௜ܹ௡௖, ௦ܹ௖௔௧, and ௘ܹ௫௧ are total incident energy to the surface A, scattered energy from 
the surface A, and extinction energy of the surface A, respectively, which are calculated using 
the relevant energy rates as follows: 
௜ܹ௡௖ = െ׬ࡿ࢏.࢔ෝܣ (2-22)
௦ܹ௖௔௧ = ׬ࡿ࢙.࢔ෝܣ (2-23)
where, ࡿ࢏ = ࡱ࢏ ×ࡴ࢏כ is incident energy flow rate on the NP, ࡿ࢙ = ࡱ࢙ ×ࡴ࢙כ is scattered 
energy flow rate from the NP, and the extinction energy flow rate is ࡿࢋ = ࡱ࢏ ×ࡴ࢙כ + ࡱ࢙ ×
ࡴ࢏כ [15]. In the above equations, ௜ܹ௡௖ vanishes for non-absorbing media. Thus, the extinction 
energy is defined as:
௘ܹ௫௧ = ௦ܹ௖௔௧ + ௔ܹ௕௦ (2-24)
which can be calculated as:
௘ܹ௫௧ = ׬ࡿࢋ.࢔ෝܣ (2-25)
If the incident irradiance is denoted by ܫ௜ , the relevant cross sections are defined as 
follows:
ܥ௘௫௧ = ௐ೐ೣ೟ூ೔ (2-26)
ܥ௔௕௦ = ௐೌ್ೞூ೔ (2-27)
ܥ௦௖௔௧ = ௐೞ೎ೌ೟ூ೔ (2-28)
where:
ܥ௘௫௧ = ܥ௦௖௔௧ + ܥ௔௕௦ (2-29)
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where ܥ௘௫௧ , ܥ௦௖௔௧ , and ܥ௔௕௦ are extinction, scattering, and absorption cross sections, 
respectively.
2.2 Numerical Solution Methods 
To solve Maxwell’s equations for complex structures, a numerical method must be 
utilized. There are different numerical methods used in electromagnetic calculations, including 
T-matrix [16], finite difference time domain (FDTD) [17, 18], finite element method (FEM), 
time-dependent density functional theory [19], multipoint expansion method (MEM) [20], and 
spectral element discontinuous Galerkin (SEDG) method [21]. Amongst these methods, the 
FDTD method takes advantages of analysing Maxwell’s equations in both spatial and temporal
domains. Also, implementation of  different numerical methods has shown the capabilities of 
the FDTD method in solving Maxwell’s equation [22]. Accordingly, the FDTD method is used 
in this research to numerically solve Maxwell’s equations.
2.2.1 Finite Difference Time Domain (FDTD) Method
The curl Equations (2-1) and (2-2) are expanded in 3D space as follows:
డாೣ
డ௧ =
ଵ
Ԫ ቂ
డு೥
డ௬ െ
డு೤
డ௭ െ ߪܧ௫ቃ (2-30)
డா೤
డ௧ =
ଵ
Ԫ ቂ
డுೣ
డ௭ െ
డு೥
డ௫ െ ߪܧ௬ቃ (2-31)
డா೥
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Ԫ ቂ
డு೤
డ௫ െ
డுೣ
డ௬ െ ߪܧ௭ቃ (2-32)
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ఓ ቂ
డா೤
డ௭ െ
డா೥
డ௬ െ ߪכܪ௫ቃ (2-33)
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డாೣ
డ௭ െ ߪכܪ௬ቃ (2-34)
డு೥
డ௧ =
ଵ
ఓ ቂ
డாೣ
డ௬ െ
డா೤
డ௫ െ ߪכܪ௭ቃ (2-35)
41
In 1966, Yee introduced a new algorithm called finite difference time domain (FDTD) 
method, to solve the above-mentioned curl equations [17]. In this algorithm, the particle in 
study is meshed into cubic unit cells, and the components of electric and magnetic fields are 
put on a cube such that every electrical component E is surrounded by four circulating magnetic 
field H components, and each magnetic field component is surrounded by four circulating 
electric field components, as shown in Figure 2-2. The length of each side of the cube, ȟ, which 
is called mesh size, must be small enough to get an accurate estimation. Experimentally, the 
optimum cube length is calculated as follows:
ȟ = ߣ 20Τ (2-36)
where ߣ is the wavelength of the incident electromagnetic wave.
Figure 2-2. Yang cube.
In addition to the spatial sampling shown in Figure 2-2, the fields are sampled in time 
frames ȟݐ, starting from ݊ = 0 for electric fields ࡱ, and from ݊ = ୼௧ଶ for magnetic fields ࡴ.
The FDTD method discovers the following iterative procedure to solve Maxwell’s 
equation:
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ܧ௫|௜,௝ାభమ,௞ାభమ
௡ାభమ = ܥ௔|௜,௝ାభమ,௞ାభమ.ܧ௫|௜,௝ାభమ,௞ାభమ
௡ିభమ  +  ܥ௕|௜,௝ାభమ,௞ାభమ. ൬ܪ௭|௜,௝ାଵ,௞ାభమ
௡ െ ܪ௭|௜,௝,௞ାభమ
௡ +
ܪ௬|௜,௝ାభమ,௞
௡ െ ܪ௬|௜,௝ାభమ,௞ାଵ
௡ ൰ (2-37)
ܧ௬|௜ିభమ,௝ାଵ,௞ାభమ
௡ାభమ = ܥ௔|௜,ିభమ௝ାଵ,௞ାభమ.ܧ௫|௜ିభమ,௝ାଵ,௞ାభమ
௡ିభమ  + ܥ௕|௜,ିభమ௝ାଵ,௞ାభమ. ൬ܪ௫|௜ିభమ,௝ାଵ,௞ାଵ
௡ െ
ܪ௫|௜ିభమ,௝ାଵ,௞
௡ + ܪ௭|௜ିଵ,௝ାଵ,௞ାభమ
௡ െ ܪ௭|௜,௝ାଵ,௞ାభమ
௡ ൰ (2-38)
ܧ௭|௜ିభమ,௝ାభమ,௞ାଵ
௡ାభమ = ܥ௔|௜ିభమ,௝ାభమ,௞ାଵ.ܧ௭|௜ିభమ,௝ାభమ,௞ାଵ
௡ିభమ  +  ܥ௕|௜ିభమ,௝ାభమ,௞ାଵ. ൬ܪ௬|௜,௝ାభమ,௞ାଵ
௡ െ
ܪ௬|௜ିଵ,௝ାభమ,௞ାଵ
௡ + ܪ௫|௜ିభమ,௝,௞ାଵ
௡ െ ܪ௫|௜ିభమ,௝ାଵ,௞ାଵ
௡ ൰ (2-39)
ܪ௫|௜ିభమ,௝ାଵ,௞ାଵ
௡ାଵ = ܦ௔|௜ିభమ,௝ାଵ,௞ାଵ.ܪ௫|௜ିభమ,௝ାଵ,௞ାଵ
௡  +  ܦ௕|௜ିభమ,௝ାଵ,௞ାଵ.ቆܧ௬|௜ିభమ,௝ାଵ,௞ାయమ
௡ାభమ െ
ܧ௬|௜ିభమ,௝ାଵ,௞ାభమ
௡ାభమ + ܧ௭|௜ିభమ,௝ାభమ,௞ାଵ
௡ାభమ െ ܧ௭|௜ିభమ,௝ାయమ,௞ାଵ
௡ାభమ ቇ (2-40)
ܪ௬|௜,௝ାభమ,௞ାଵ
௡ାଵ = ܦ௔|௜,௝ାభమ,௞ାଵ.ܪ௬|௜,௝ାభమ,௞ାଵ
௡  +  ܦ௕|௜,௝ାభమ,௞ାଵ.ቆܧ௭|௜ାభమ,௝ାభమ,௞ାଵ
௡ାభమ െ
ܧ௭|௜ିభమ,௝ାభమ,௞ାଵ
௡ାభమ + ܧ௫|௜,௝ାభమ,௞ାభమ
௡ାభమ െ ܧ௫|௜,௝ାభమ,௞ାయమ
௡ାభమ ቇ (2-41)
ܪ௭|௜,௝ାଵ,௞ାభమ
௡ାଵ = ܦ௔|௜,௝ାଵ,௞ାభమ.ܪ௭|௜,௝ାଵ,௞ାభమ
௡  +  ܦ௕|௜,௝ାଵ,௞ାభమ.ቆܧ௫|௜,௝ାయమ,௞ାభమ
௡ାభమ െ ܧ௫|௜,௝ାభమ,௞ାభమ
௡ାభమ +
ܧ௬|௜ିభమ,௝ାଵ,௞ାభమ
௡ାభమ െ ܧ௬|௜ାభమ,௝ାଵ,௞ାభమ
௡ାభమ ቇ (2-42)
where:
ܥ௔|௜,௝,௞ = ൬1 െ ఙ೔,ೕ,ೖ.୼௧ଶఌ೔,ೕ,ೖ ൰ ൬1 +
ఙ೔,ೕ,ೖ.୼௧
ଶఌ೔,ೕ,ೖ ൰൘ (2-43)
ܥ௕|௜,௝,௞ = ൬ ୼௧ఌ೔,ೕ,ೖ.୼൰ ൬1 +
ఙ೔,ೕ,ೖ.୼௧
ଶఌ೔,ೕ,ೖ ൰൘ (2-44)
ܦ௔|௜,௝,௞ = ൬1 െ ఙ೔,ೕ,ೖ
כ .୼௧
ଶఓ೔,ೕ,ೖ ൰ ൬1 +
ఙ೔,ೕ,ೖכ .୼௧
ଶఓ೔,ೕ,ೖ ൰൘ (2-45)
ܦ௕|௜,௝,௞ = ൬ ୼௧ఓ೔,ೕ,ೖ.୼൰ ൬1 +
ఙ೔,ೕ,ೖכ .୼௧
ଶఓ೔,ೕ,ೖ ൰൘ (2-46)
There is a stability condition for the FDTD method as follows:
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ܵ = ୼௧୼ ܥ଴ ൑
ଵ
ξଷ (2-47)
where ܵ is called Courant value, ȟݐ is sampling distance in time, ȟ is mesh size or sampling 
distance in each spatial direction, and ܥ଴ is light speed in free space. Usually for simplicity, ܵ
is taken as ½. Therefore, the sampling time is calculated as follows:
ȟݐ ൑ ୼ଶ஼బ (2-48)
At the border of two media A and B, there is a reflection which interferes with incident 
light. The rate of the reflection is quantified using reflection factor ߁ as follows:
߁ = ఎಲିఎಳఎಲାఎಳ (2-49)
where ߟ஺ and ߟ஻ are called wave impedances in their related area, and generally calculated as:
ߟ = ටߤ ߝൗ (2-50)
In simulation of the FDTD method, the boundary conditions must be defined such that 
there is no reflection at the borders. According to Equation (2-49), to avoid any reflections at 
the borders of the two media, we should have ߟ஺ = ߟ஻. This condition is satisfied with the 
perfectly matched layer (PML) boundary condition by defining a thin lossy area at the borders 
of the two simulated media [17].
2.3 Analytical Solution Methods 
One of the best analytical methods to completely solve Maxwell’s equations is Mie 
theory  [23]. However, Mie theory has limited applications to spherical particles and near-field 
calculations; and thus, is not applicable for quantitative calculation of electromagnetic waves 
consisting of non-spherical particles, tips, and substrates. 
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To analytically solve Maxwell’s equations for metal NPs, multipoint expansion method 
(MEM) in near-field on the surface of metallic NPs can be employed instead of far-field 
calculations of Lorentz-Mie theory to simplify the calculations. Also, it is assumed that the 
metal NPs are smaller than the incident field wavelength, so the quasi-static approximation is 
applied on electromagnetic equations, and Laplace’s equations are solved rather than 
Helmholtz’ equations; accordingly, multiple expansion function method is a wavelength 
independent method [20].
The plasmon hybridization (PH) method, originated by Nordlander et al. [24, 25], is 
another powerful analytical method used for highly symmetric nano-structures in the 
quasistatic limit. It is an electromagnetic analogy of molecular orbital theory, which discusses 
on how atomic orbitals interact and form molecular orbitals in electronic structure theory. 
Plasmon modes of a complex nano-structure are expressed in terms of interactions between the 
plasmon resonances of the nano-structure elementary components in the PH method. 
Mayergoyz et al. proposed the boundary integral technique [4, 26-29] to include the 
effects of interparticle coupling and radiation losses. This represents interactions between 
ensembles of NPs in terms of the evanescent electric fields resulting from eigenmodes, i.e. the 
natural resonant modes of each NP.
The boundary integral technique has been extended to the formalism of group theory by 
Davis et al. [11, 30], which is called electrostatic eigenmode method. This is an electrostatic 
coupling method for describing the interaction of metallic NPs supporting LSPR. However, for 
cases involving more than three particles, the mathematical calculations might become more 
cumbersome. The electrostatic eigenmode method is employed in this research to analyse and 
validate simulation results.
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2.3.1 Electrostatic Eigenmode Method
Dipole resonance modes can be investigated through the electrostatic eigenmode 
approximation [7, 11]. In this formulation, the surface plasmon resonances are calculated using 
the oscillating surface charge distribution  ߪ௞(࢘) at the surface denoted by the polar distance 
of ࢘ with surface normal vector of ࢔ෝ, at resonance mode, as shown in Figure 2-3.
Figure 2-3. A particle with surface plasmon resonance.
For an arbitrary ensemble of NPs, the charge distributions can be written as a 
superposition of the normal modes of each particle of the ensemble [7, 11] as follows:
ߪ௞(࢘) = ஓౡଶగ ׯߪ൫࢘ࢗ൯
(࢘ି࢘ࢗ)
ห࢘ି࢘ࢗหయ
࢔ෝ ݀ܣ௤ (2-51)
Here, ɀ୩ is ݇ െ ݐ݄ natural resonant mode (or eigenmode) of the NP due to the charges on 
the surface dented by polar distance ࢘ࢗ, ߝ௠(ߣ௞) is permittivity of metal at ݇ െ ݐ݄ resonance 
wavelength ߣ௞, and ߝ௕ is the permittivity of the background medium. The total surface charge 
ߪ(࢘,ߣ) at wavelength ߣ is calculated as the weighted summation of the surface charges at every 
mode ݇:
ߪ(࢘, ߣ) = σ ܽ௞(ߣ௞)ߪ௞(࢘)୩ (2-52)
where ܽ௞(ߣ௞), the excitation amplitude of the ݇ െ ݐ݄ resonance mode, is given by:
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ܽ௞(ߣ௞) = ଶஓౡఌ್(ఌ೘൫ఒೖ൯ିఌ್)ఌ್൫ஓౡାଵ൯ାఌ೘൫ఒೖ൯൫ஓౡିଵ൯ ࢖
௞.ࡱ଴ (2-53)
In the above equation, ࢖௞ is average dipole moment of the particle at the ݇ െ ݐ݄ resonant 
mode ߣ௞, and ࡱ଴ is the incident electric field amplitude.  
Resonant wavelength ߣ௞ is calculated using the eigenvalue at mode ݇ and metal 
permittivity at this resonance frequency as follows:
ߝ௠(ߣ௞) = ߝ௕ ଵାஓ
ౡ
ଵିஓౡ (2-54)
For a single spherical and in a limited range of sphere size in dipolar mode, we have 
ɀ୩  =  3; therefore, Equation (2-54) gives the former resonance condition ߝ௠(ߣ௞)  =  െ2ߝ௕ in 
a limited range of NP size which will be investigated in this thesis.
For an ensemble of particles, there is an interaction between the NPs. This interaction 
leads to a shift in the LSPR frequency from ߣ௥ to ߣሚ௥; the eigenvalue ߛ is also replaced with the 
eigenvalue ߉; e.g. for an ensemble of ܰ interacting nano-particles [31]:
ܥ = ൦
1 ܿଵଶ
ܿଶଵ 1
… ܿଵே
… ܿଶே
ڭ ڭ
ܿேଵ ܿேଶ
ڰ ڭ
… 1
൪ (2-55)
൦
෤ܽଵ
෤ܽଶ
ڭ
෤ܽே
൪ = ൦
ܽଵ
ܽଶ
ڭ
ܽே
൪+  (ܥ)ିଵ ൦
ܽଵ
ܽଶ
ڭ
ܽே
൪ (2-56)
ߝ௠൫ߣሚ௥൯ = ߝ௕ ଵା௸ଵି௸ (2-57)
where ܥ is called the coupling matrix, ܿ௜௝ is the coupling constants showing the interaction 
strength of the nano-particle ݆ on the  nano-particle ݅, ܽ௜ is the excitation amplitude for particle 
݅ when there is no interaction, and ෤ܽ௜ is the excitation amplitude for particle ݅ due to the 
interaction from other nano-particles.
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Assuming that the interactions between NPs are symmetric (corresponding to the case of 
symmetric medium), i.e. ܿ௜௝ = ௝ܿ௜, and that only the coupling between the nearest neighbour 
NPs is valuable,  then the coupling matrix can be written as follows:
C = ቎
1 ܿ
ܿ 1
… 0
… 0
ڭ ڭ
0 0
ڰ ڭ
… 1
቏ (2-58)
The coupling constant c is calculated as a function of the inverse eigenvalues for a single 
NP (1 ߛΤ ), and the NP chain (1 ߉Τ ), and the number of NPs in a chain (ܰ) as follows:
ܿ = ቀଵ௸ െ
ଵ
ఊቁ .
గ
௖௢௦ (గ ேାଵൗ )
(2-59)
2.4 Spherical NPs Modelling 
To start with mathematical calculations, assume a quasistatic approach using a spherical 
NP of radius a, irradiated by a polarised light in z-direction, in the visible wavelength range
(see Figure 2-4). This electrostatic approximation is valid only when ߝ௕(2ߨ݀ ߣΤ )ا 1 [11],
where ߝ௕ is the electric permittivity of the background medium, ߣ is the incident light 
wavelength  and ݀ is the average diameter of the particle. According to this formula, for 
realizing the plasmon resonance in the visible wavelength range (350-750 nm) and in free air 
space (ߝ௕ = 1), we need to have particles with average size less than 120 nm. Due to this small 
size condition, the electrostatic estimation is a good estimation to solve Maxwell’s equations. 
Therefore, Maxwell’s equations can be replaced by the Laplace’s equations [32].
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Figure 2-4. A spherical NP illuminated with light polarised in z direction and wave vector ࢑ [3].
Since metal NPs have a skin depth of electromagnetic waves in the order of the particles 
size (e.g. the skin depth for gold and silver NPs at optical wavelength is around 30 nm), the 
light waves can easily penetrate into the particles. The penetrated electromagnetic energy shifts 
the conduction electrons of the NP with respect to the initial lattice ion. Thus, the shifted 
electrons make negative charge on one side of the lattice, and the lattice ions build up positive 
charge on the other side of the NP. This new arrangement builds two positive and negative 
spheres, as shown in Figure 2-4. If the incident light is polarised in z-direction, as sketched in 
Figure 2-4, positive charges move towards the –z direction surface, and negative charges move 
towards the +z direction surface; therefore, a surface electric field is generated, as a capacitor. 
As a consequence, SPR enhances electric fields on the surface of NPs.
Assume that a metal nano-sphere with electric permittivity ߝ௠ is embedded in a 
surrounding background with electric permittivity ߝ௕. The incident electromagnetic wave ࡱ૙ =
ܧ଴ࢠො is polarised along the z-axis, and independent of coordinates for distances at least as large 
as the sphere. Accordingly, the resulting field outside the sphere, ࡱ࢕࢛࢚ , can then be written as  
[32-35]:
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ࡱ࢕࢛࢚(ݔ,ݕ, ݖ) = ܧ଴ࢠො െ ߙܧ଴ ቂ ࢠො௥య െ
ଷऊ
௥య (ई࢞ෝ+ उ࢟ෝ + ऊࢠො)ቃ (2-60)
where the first term is the applied field, and the second term is the induced dipole (for  ݈ = 1,
where ݈ is the angular momentum) that results from polarisation of the sphere electron density; 
also, ई, उ, and ऊ are the usual Cartesian coordinates; ݎ is the radial distance; ࢞ෝ, ࢟ෝ, and ࢠො are 
the Cartesian unit vectors; and ߙ is the metal dipole polarizability [36].
Equation (2-60) reveals that the field enhancement decays with  ݎିଷ. From this equation, 
the absolute square of ࡱ࢕࢛࢚ at the surface of the sphere, at ݎ =  ܽ,  is given by:
ܧ௢௨௧૛ =  ܧ଴ଶ [|1 െ ݃|ଶ + 3ܿ݋ݏଶߠ(2ܴ݁(݃) + |݃|ଶ)] (2-61)
where Ʌ is the angle between the applied electric field polarisation direction and the vector ݎ
that locates positions on the sphere surface; the LSPR dipole magnification factor ݃ is defined 
as:
݃ =  (ߝ௠ –  ߝ௕)/(ߝ௠  +  2 ߝ௕) (2-62)
The metal dipole polarizability ߙ at the surface of the nano-sphere, at ݎ =  ܽ , is   
expressed as:
ߙ =  ݃ܽଷ (2-63)
The polarizability of the nano-sphere, which represents a distortion of the electron cloud 
in response to an external electric field, is calculated as follows [37]:
ߙ = 4ߨߝ௕ܽଷ ఌ೘(ఒ)ିఌ್ఌ೘(ఒ)ାଶఌ್ (2-64)
According to Equations (2-61) to (2-64), the maximum surface electric field 
enhancement and maximum dipolar polarizability occurs when the denominator of ݃
approaches zero  (ߝ௠ ൎ െ2 ߝ௕ ) , i.e. whenever the real part of ߝ௠ equals െ2ߝ௕ and its 
imaginary part is small. 
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Note that if |g|is large enough, Equation (2-61) is reduced to:
 ܧ௢௨௧ଶ =  ܧ଴ଶ|݃|ଶ(1 +  3ܿ݋ݏଶߠ) (2-65)
Above equation demonstrates that the largest field intensities are obtained for angles ߠ
equal to zero or 180q. Therefore, the enhancement factor and dipolar polarizability also depend 
on the angle Ʌ and these are maximized along the polarisation direction; also, Equation (2-65)
indicates that the ratio of the largest to smallest field enhancement versus Ʌ is four.
Accordingly, a quality factor Q is defined as follows, whose magnitude indicates how large is 
the plasmonic efficiency of the LSPR NPs:
ܳ = െܴ݁[ߝ]/ܫ݉[ߝ] (2-66) 
For larger particles, higher multipoles, especially the quadrupole term becomes important 
in the LSPR spectrum. For example, when a nano-sphere diameter is small enough 
(approximately 15-50 nm), the conduction electrons in metal are excited in-phase with the 
incident electromagnetic field, which leads to dipolar resonance mode. However, when the 
dimensions are larger, the multipoles can be excited as a result of phase retardation of the 
applied field inside the material [38]. In this case, using the same notation as Equation 2-58,
and the solution of Laplace’s equation, the resulting field outside the sphere, ࡱ࢕࢛࢚, is expressed 
as:
ࡱ࢕࢛࢚(ݔ,ݕ, ݖ) = ܧ଴ࢠො + ݅݇ܧ଴(ई࢞ෝ+ ऊࢠො)െ ߙܧ଴ ቂ ࢠො௥య െ
ଷऊ
௥య (ई࢞ෝ+ उ࢟ෝ + ऊࢠො)ቃ െ
ߚܧ଴ ቂई࢞ෝାऊࢠො௥ఱ െ
ହऊ
௥ళ (ईଶ࢞ෝ+ उଶ࢟ෝ + ईऊࢠො)ቃ (2-67)
where the metal quadrupole polarizability at the surface of the nano-sphere is:
ߚ =  ݃௤ܽହ (2-68)
with LSPR quadrupole excitation enhancement factor of:
݃௤  =  (ߝ௠ – ߝ௕)/(ߝ௠  +  1.5 ߝ௕) (2-69)
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The above equations indicate that quadrupoles happen when ߝ௠ ൎ െ1.5 ߝ௕. Therefore,
quadrupole resonance happens at wavelengths that are shorter than that of dipolar resonance. 
In other words, multipoles with higher momentum angles are observed in wavelengths that are 
shorter than that of multipoles with lower momentum angles.
2.5 Spheroidal NPs Modelling 
So far, spherical particles were discussed in term of plasmon resonance. In a spheroid 
(i.e. elliptical) shape, both major and minor radii and their aspect ratio are very important in 
analysing the structure; therefore, the exact analytical electromagnetic solution of spheroids is 
very complex; thus, usually numerical solutions of Maxwell’s equations are discussed.
For a spheroid with major axis of 2ܾand minor axis of 2ܽ, when an electric field ࡱ૙
polarised along the major axis strikes the particle, the enhancement factor is given by [32, 39]:
݃ = ఌౣିఌ್ఌౣାఞఌౘ (2-70)
where,
ߦ଴ = ቀ1െ ௔
మ
௕మቁ
ିଵ ଶΤ
(2-71)
And the shape factor ɖ, is given by:
߯ = െ1 + ଵ
(కబమିଵ)ቂ഍బమ ௟௡ቀ
഍బశభ
഍బషభቁିଵቃ
(2-72)
Equation (2-70) is a generalization of Equation (2-62) where the constant value 2 has 
been replaced by the shape factor  ɖ. In fact, the parameter ɖ is 2 for a sphere, but for prolate 
spheroids where ܾ > ܽ (Ɍ଴ >  1), ɖ is larger than 2. In this polarisation direction (along the 
major axis of the spheroid), a dipole resonance on the surface of the spheroid is generated due 
to the angular momentum ݈ = 1. According to Equation (2-70), the condition for realizing this 
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resonance is ܴ݁(ߝ௠ +  ɖ ߝ௕) = 0. Therefore, in prolate spheroids (when ɖ > 2), the plasmon 
resonance red-shifts with respect to a sphere, because for metals, the real part of ߝ௠ is more 
negative for longer wavelengths. However, in oblate spheroids (when ɖ < 2), the polarisation
of the incident field is parallel to the symmetry axis of the spheroid; thus, other resonances due 
to multipoles (݈ ൒ 2) are generated. For a sphere ɖ = 2, the dipole resonance is generated 
when (ߝ௠) = െ2 ߝ௕ , and the quadrupoles (݈ = 2) are generated when ܴ݁(ߝ௠) = െ1.5ߝ௕ .
These factors arise from the exponents in the radial solutions to Laplace’s equation, e.g., the 
factors ݎ௟ and ݎି(௟ାଵ). For dipole excitation (݈ = 1), the magnitude of the ratio of the exponents 
is (݈ +  1)/݈ = 2, while for quadrupole excitation, (݈ = 2), we have (݈ +  1)/݈ = 1.5 [40].
Therefore, higher mode resonances have shorter wavelengths.
In contrast, if the polarisation is perpendicular to the symmetry axis, another plasmon 
resonance is excited which is identical in frequency to the parallel resonance for a sphere, but 
it shifts in the opposite direction for a spheroid; i.e. the plasmon resonance of the perpendicular 
resonance blue-shifts for prolate spheroids and red-shifts for oblate spheroids, unlike the 
parallel polarisation. Indeed, the expression for ݃ in Equation (2-70) is applicable, but the 
expression for ɖ is:
߯ = െ1െ ଵቂ഍బమ (కబమିଵ)௟௡ቀ഍బశభ഍బషభቁିకబమቃ
(2-73)
In this case, unlike the parallel polarisation, for prolate spheroids Ɍ଴ > 1, and hence ɖ is 
less than 2; and for oblate spheroids Ɍ଴ <  1, and hence ɖ is greater than 2 [32, 39].
In addition, like the sphere case, growing the electric permittivity of the external medium, 
ߝ௕, results in additional red-shifting of the plasmon resonances [39].
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Mie and Gans theory presented an analytical method to describe the extinction cross 
section of an ellipsoid metal NP as follows [41]:
ܥ௘௫௧(ߣ) = ଶగଷఒ ܸܰߝ௕
ଷ ଶΤ σ ఌ೘ೝൣ௉ೕఌ೘೔ା(ଵି௉ೕ)ఌ್൧మା௉ೕమఌ೘ೝమ௝ (2-74)
or in terms of the shape vector ߯:
ܥ௘௫௧ = ଶସగ
మோయఌౘయ మΤ ୒
ఒ୪୬ (ଵ଴)
ఌౣ౟
(ఌౣ౨ାఞఌౘ)మାఌౣ౟మ (2-75)
where ߝ௠௥ and ߝ௠௜ are real and imaginary parts of permittivity of the metal NP, ߝ௕ is the 
electric permittivity of the background, ߣ is the incident wavelength, ܰ is the number of the 
particles in unit volume, ܸ is the particle volume, ܴ is the particle radius, and ܵ is the surface 
area of the NP. In addition, ௫ܲ , ௬ܲ , and ௭ܲ are polarisation components of the NP in each 
coordinate direction. For example, for a spherical particle ௫ܲ = ௬ܲ = ௭ܲ = 1 3Τ , and for a 
slender pin particle, ௫ܲ = 0 and the other two components are ௭ܲ = ௬ܲ = 1 2Τ . It is too difficult 
to precisely find the values of polarisation components for a complicated shape; thus, numerical 
simulation methods are employed to find the cross sections of a complicated structure [41, 42].
2.6 Dispersive Material Model 
Materials like metals which have frequency dependent electric permittivity, are called 
dispersive material. The electric permittivity of this kind of materials is modelled by frequency 
dependent functions such as Drude model as ߝ஽(߱):
ߝ஽(߱) = 1െ ఠ೛
మ
ఠమା௜ఊఠ (2-76)
where ߱௣ = ൣ݊݁ଶ ߝ଴݉௘௙௙ൗ ൧ is bulk plasmon frequency, ݊ is free electron density, ݁ is electron 
charge, ߝ଴ is vacuum permittivity, ݉௘௙௙ is electron effective mass, and the phenomenological 
damping constant ߛ equals the plasmon bandwidth ߁ for the case of a perfect free electron gas 
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within the limit of ߛ ا ߱. The damping constant ߛ is related to the lifetimes of all electron 
scattering processes in the bulk material that are mainly due to electron-electron, electron-
phonon, and electron-defect scattering [43].
The plasmon resonance is size dependent for particles smaller than around 20 nm, while 
Equation (2-76) does not show this dependency. This size-dependence of the plasmon can be 
modelled in a size dependent metal permittivity function ߝ௠(߱,ܴ) = ߝூ஻(߱) + ߝ஽(߱), as a 
function of an interband term ߝூ஻(߱), accounting for the response of the d electrons, and a 
Drude term ߝ஽(߱) taking account the free conduction electrons [43].
Electron-surface scattering is also remarkable for a small particle, since the mean free 
path of the conduction electrons, typically in the range of tens of nano-meters in noble metals, 
is limited due to the particle’s boundaries. Therefore, ߛ is a function of the particle radius ݎ,
ߛ(ݎ) = ߛ଴ + ஺௩ಷ௥ (2-77)
where ߛ଴ is the bulk damping constant, ݒி is the velocity of the electrons at the Fermi energy, 
and A is a parameter that includes details of the scattering process (e.g., isotropic or diffuse 
scattering) [43].
Although, the Drude term ߝ஽(߱) fits well with the metal permittivity for wavelengths 
above 600 nm, it is not a suitable model at resonance wavelengths below 600 nm, as shown in 
Figure 2-5. Due to an increase in the imaginary part of the electric permittivity at these short 
wavelengths, interband transitions of the bound valance electrons (ߝூ஻(߱)) come into play [44].
This event is modelled with a combined Drude and Lorentz contribution. The result of this fit 
is shown as a dash-dotted curve in Figure 2-5.
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Figure 2-5. (a) Real and (b) imaginary parts of electric permittivityof gold versus Drude and 
Drude-Lorentz models [45].
Because of the above-mentioned deficiency of the Drude model, and also instability of 
Fourier transform in the algorithm, the general Drude model, modified by the Debye model, is 
utilized as below [46]:
ߝ௠(߱) = ߝஶ + ఌೞିఌಮଵା௜ఠఛ +
஢
௜ఠఌబ (2-78)
where  ߝ௦ , ߝஶ , ߝ଴ , ɐ  ߬  and  ߱ represent static permittivity, infinite frequency 
permittivity, free space permittivity, conductivity, relaxation time, and angular frequency, 
respectively. The four parameters ߝ௦, ߝஶ, ɐ,and߬are adjusted using curve-fitting techniques. 
The infinite frequency permittivity and conductivity must meet the conditions ߝஶ ൒ 1 and ɐ >
ఌబ(ఌಮିఌೞ)
ఛబ if ߝ௦ < ߝஶ [46].
Another model is called the extended Debye model:
ߝ௠(߱) = 1 + σ ୼ఌೖ௔ೖఠమା௜௕ೖఠା௖ೖ
଺௞ୀଵ (2-79)
where ȟߝ௞ , ܽ௞, ܾ௞ and ܿ௞ are constants that provide the best fit for various metals (e.g., gold 
and silver) [20].
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2.7 Raman Enhancement 
Electric field enhancement on the surface of NPs is quantified using the Raman 
enhancement factor. In Raman scattering, the incident electric field ࡱ૙(߱) is magnified by the 
factor g during interaction with NPs to produce ࡱ૚(ɘ). In striking the Raman scatterers, the 
magnified field ࡱ૚(ɘ) then radiates an electric field with a shift in the incident wave frequency 
by the vibrational frequency  ɘԢ of the molecule (i.e., ȟɘ = ɘ െɘԢ). The stoke-shifted field 
strikes the NP again and emits the enhanced electric field ࡱ૛(ɘԢ) with a magnification factor 
of ݃Ԣ similar to Equation (2-70) [47, 48]. Accordingly, total Raman enhancement factor ࣟோ is 
defined as:
ࣟோ = |ࡱ૛(ఠᇱ)|
మ
|ࡱ૚(ఠᇱ)|మ
|ࡱ૚(ఠ)|మ
|ࡱ૙(ఠ)|మ ן |݃|
ଶ|݃Ԣ|ଶ (2-80)
For small Stokes shifts, |݃| and |݃’| are maximized at approximately the same 
wavelength, so this is commonly referred to as ܧସ enhancement or the fourth power of field 
enhancement at the NP surface.
2.8 Discussion 
In this section, the basic Maxwell’s equations were discussed. To solve the equations for 
scattering light with nano-particles, both analytical and numerical solving methods were used. 
FDTD is recognized as the most appropriate method to numerically solve the Maxwell’s 
equations, because this method considers both temporal and spatial variations of 
electromagnetic waves, and no limitation is applied on the physical properties of nano-
particles., while other methods, such as FEM, focus on only spatial variation of electromagnetic 
waves, or are appropriate for spherical particles (e.g. MEM). 
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To analytically solve the Maxwell’s equations, the eigen mode method was chosen 
because of its flexibility in analysing the coupling effects between a chain of nano-particles 
and its matrix based solution method.
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3 CHAPTER 3
LITERATURE REVIEW
3.1 Introduction 
As discussed in Chapter 2, one major application of LSPR is biosensing. Considering 
biomolecule sizes and their resonance wavelengths, optimal design of a LSPR nano-structure 
for a specific biosensing or indeed any other applications is extremely important.
Therefore, tuning LSPR parameters in probing different biomolecules to obtain 
maximum sensitivity and accuracy is essential. Experiments show that the LSPR extinction 
spectrum can be maximized with a careful design of NP geometries and incident light 
properties [11, 49]. In this section, the most important parameters affecting the plasmon 
spectrum are reviewed. These parameters which highly affect the LSPR design are categorized 
to provide the knowledge that is required to optimally design and fabricate a LSPR device 
which is suitable for biosensing applications. In following sections, the effects of the 
parameters influencing the LSPR spectrum are presented and discussed.
3.2 Size Effect 
The NP size has two different impacts on the plasmon, (i) if the NP is small enough (less 
than 20 nm for gold), the intrinsic effect of the particle directly affect the metal 
permittivity ߝ(߱,ܴ), and (ii) if the particle is not small enough (larger than 25 nm for gold), 
the extrinsic effect is enabled, where the extinction coefficient is dependent on the size ݎ.
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Figure 3-1 demonstrates the intrinsic and extrinsic effects for gold NPs. This size 
dependence is considered in the Drude model expressed by Equation (2-76).
Figure 3-1. Size effect on the plasmon bandwidth of spherical gold NPs [43].
Figures 3-2(a) and (b) show extinction spectrum of a nano-sphere in vacuum for two 
different sizes of 30 and 60 nm, respectively, calculated using Mie theory. For smaller nano-
spheres, only one peak is observed which is due to the dipole surface plasmon resonance. 
However, larger nano-spheres present two peaks in the plasmon resonance where the first one, 
which occurs in the UV range, is due to the quadrupole plasmon resonance.
In Chapter 2, it has been explained how multipole resonance wavelengths drop for higher 
modes ݈ ൒ 2. It is obvious that the dipole plasmon wavelength changes with the size of NPs. 
The reason for this change can be found in the damping constant in the Drude model in 
Equation (2-76) that is dependent on the particle size (see Equation (2-77)). Due to 
redistribution of free electrons between the particle surface and bulk phase when increasing the 
size of the nanoparticles, the plasmon wavelength red-shifts and broadens at the resonant peak, 
causing the increase of extinction energy [41].
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Figure 3-2. Extinction efficiency of a silver sphere of diameter: (a) 30 nm, and (b) 60 nm [40].
Another parameter that affects the nano-spheres spectrum is their interaction with their 
substrate. In an investigation [50, 51], supporting nano-pillars with heights of 20 and 40 nm 
were used to fabricate a typical Au nano-disk on a glass substrate. The results show that the 
sensitivity (defined as ܵ =  (ߣ௠ െ  ߣ௔௜௥)/(݊௠  െ  ݊௔௜௥)) or the LSPR peak shift per refractive 
index unit (RIU) against the resonance wavelength remarkably rises as the height of the 
supporting pillars increases.
3.3 Multi-particle Interaction Effect 
The potential energy of an assembly of NPs is the sum of the potential energies of the 
primitive plasmons of each NP, which may include coupling between primitive plasmon modes 
of different ݈ and ݉, where ݈ is the angular  momentum of individual nano-partilces, and m is 
the multipolar orientation, i.e., ݉ = 0 means plasmons polarised along the main axis, and݉ =
±1 means plasmons polarised perpendicular to the main axis [52]. To consider these 
interactions, one of the approaches used is the plasmon hybridization (PH) method [24, 25] in 
which all angular momentum orders in the plasmon calculations are considered. 
It is generally necessary to tune the plasmon energies; howewer, the frequencies of the 
plasmon resonances of small NPs are scale invariant in the dipole limit. Therefore, multi-
particles (e.g. dimers or nano-shells) are introduced; the gap distance between them are 
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modified to tune the plasmon energies [24]. This gap produces “hot spots”, where surface 
plasmons interact mutually; and thus, provide the hottest point of the plasmon signal. 
Therefore, if a target molecule is trapped in these hot spots, we will get the highest enhancement 
factor [20, 53].
3.3.1 Nano-structures
Here nano-structures including dimers (Figure 3-3(a)), nano-hemisphericals (Figure 3-
3(b)), and nano-cuboids (Figure 3-3(c)) are evaluated to analyse multi-particle interactions 
effect.
Figure 3-3. Section of a (a) dimer, (b) hemispherical, and (c)cuboid structure [54].
The main reason for increasing the electromagnetic enhancement factor in dimers 
compared with the singlets is due to two factors, firstly the coupling of singlet resonances in 
the dimer case, and secondly localizing the potential drop to a confined region for the two NPs
[55]. It is shown in ref. [56] that large interparticle coupling effects can be achieved in LSPR 
substrates fabricated with electron-beam lithography.
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Figure 3-4 shows both the FDTD and MEM analysis on the magnitude of the enhanced 
electric field in a gold dimer versus spacing. It can be easily seen that the maximum 
enhancement occurring between wavelengths 546-560 nm, increases with decreasing the 
spacing [20, 54].
Figure 3-4. The effect of the spacing s on the magnitude of the enhanced electric field [20].
Figure 3-5 also explains the FDTD and MEM results on the effect of increasing diameter 
of the gold NPs forming the dimers on rising the enhancement factor as expressed in the above 
rule. 
It has been shown that the interaction between hemispheres becomes more important 
when hemispheres are brought closer than about 3 times the radius of individual semicylinders 
(݀ < 3ܴ), but the interaction grows rapidly below a separation of d = 3R [57]. The results from 
the modelling of the nano-structures show that the enhancements of hemispherical are higher 
than those for the other nano-structures at shorter wavelengths, but drop off more quickly as 
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the wavelength increases, and are generally lower than those observed for the two nanoparticles 
at longer wavelengths [58]. Also, experiments on the structured surfaces show that when the 
hemispheres overlap (݀ < ݎ), the maximum Raman enhancement is similar to when the 
hemispheres are well separated (݀ > 3ݎ). However, when the hemispheres are close to each 
other, at ݀ = 2ݎ or 2ݎ + 1 nm, much larger Raman enhancements are predicted [54].
Figure 3-5. Effect of nano-spheres diameter forming a dimer on electric field enhancement, 
evaluated by employing FDTD and MEM for the spacing ࢙ = ૞ ࢔࢓ [20].
Isolated NPs introduce Raman enhancement factor of ࣟோ = 10ସ. Larger values of ࣟோ =
10଼ can be achieved using dimers of silver NPs [20, 57, 59]. To achieve more enhancements, 
an array of nano-spheres or dimers can be employed. A one-dimensional array of 50 nm spheres 
(the polarisation and wave-vector of the incident light is assumed to be perpendicular to the 
array) with spacing of 450 nm to 500 nm introduces very sharp peaks in the extinction spectrum 
due to dipolar interactions between the particles. This structure introduces an enhancement of 
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ࣟோ  =  10଺ , indicating an extra factor of 10ଶ is produced as a result of the long-range 
electrodynamics interactions [59]. If an array of dimers with optimized spacing is employed, a
higher enhancement of ࣟோ  =  10ଽ can be attained. In addition, using an array of dimers of 
truncated tetrahedrons leads enhancement estimates of  ࣟோ  =  10ଵଷ . Further, a two-
dimensional array of dimers show larger electromagnetic enhancement factors on the order of 
ࣟோ = 10ଵଷିଵସ [59].
Like dimers, FDTD simulation of a combination of three different sized silver nano-
spheres with polarisation parallel to the axis of the symmetry shows the maximum field 
enhancement of about 300 in hot spots [46].
3.3.2 Trimers and quadrumors
An experiment was carried out in ref. [60] to investigate the plasmon energy peaks of a 
quadrumor (four identical nano-spheres on the vertices of a square) and a trimer (three identical 
nano-spheres on the vertices of an equilateral triangle). The experiment shows that the two 
lowest-energy peaks of the plasmon refer to ݈ = 1, and higher-energy resonances are for ݈ =
2 and ݈ = 3. Also, it is shown that there is a large effect in the plasmonic structure of the trimer 
when the symmetry is broken; however, the quadrumor appears quite robust for the 
perturbations [60].
In a work done by Hongxing Xu et al. [61], it is shown that any aggregates of NPs such 
as silver trimers in the simplest case, significantly modulate the polarisation of the scattered 
light, when a single-molecule Raman scatterer located in the gap between two of the 
nanoparticles. In this case, the third NP acts as a wavelength-dependent polarisation rotator; 
the rotation degree depends on the size of this particle and its distance from the other ones. 
Thus, trimers can be used for precise control of light polarisation on the nanoscale size [61].
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3.4 Aspect Ratio Effect 
Increasing the aspect ratio of nanoparticles when the incident light is polarised along the 
major axis of the nanoparticles enhances the surface plasmon electric field, while shifting the 
dipole resonance wavelength towards red wavelength.
Based on the Voshchinnikov and Farafonov (VF) code [62], it has been shown that in 
longitudinal polarisation as the aspect-ratio of a nano-rod increases, the dipole plasmon 
resonance gradually is red-shifted and the quadrupole resonance peak, which is larger than the 
dipole peak in a nano-sphere, is further faded [40].
It is also shown in ref. [43] that the quadrupole resonance of nano-rods presents an almost 
fixed oscillation of around 520 nm, which is the same as spherical NPs, but its dipole resonance 
strongly depends on the aspect ratio of the nano-rods. In addition, other investigations 
demonstrate that reducing the aspect ratio of a nano-ring red-shifts the plasmon resonance, and 
also reduces the extinction amplitude [28, 63, 64].
The interaction of a gold nano-rod in air on an ITO using the eigenmode approves that, 
as the aspect ratio of the nano-rod increases, the interaction decreases. Furthermore, the surface 
charges tend to remain clustered at the ends of the ellipsoid so that the fraction of the total area 
that interacts with the substrate is decreased. As a result, effective background permittivity 
rises, and the depolarisation factor decreases, resulting in a larger polarizability. This is 
expected, because the longer the nano-rod, the more needle-like it becomes, increasing its 
polarizability and dipole resonance [65].
The FDTD modelling of an elongated rhombus, shown in Figure 3-6(a), for fixed minor 
axis diameter of b=100 nm, particle thickness of h=50 nm, and various major axis diameter of 
a=100-200 nm, demonstrates that dipolar plasmons are enhanced by increasing the aspect ratio 
66
when the particle elongation is along the polarisation direction. However, Figure 3-6(b) shows 
that quadrupole extinction cross sections become more important by increasing the aspect ratio 
when the particle elongation is normal to the polarisation direction. This is valid for particles 
with similar major axis diameter and particle thickness but larger minor axis of b=200 nm [41].
Figure 3-6. The effect of aspect ratio on dipolar and qudrupolar extinction cross section for 
elongated nano-rhombuses (a) along the polarisation direction and (b) normal to the polarisation
direction [41].
3.5 Sharp Tips Effect 
To increase the Raman enhancement factor, sharp tip NPs such as nano-triangles are 
used. Experimental results in Figure 3-7(a) shows the largest dipolar plasmon electric field at 
the tips of the nano-triangles (resonance wavelength ߣ = 770 ݊݉); moreover, Figure 3-7(b)
demonstrates second peaks or quadrupole resonances at the sides of the particles (resonance 
wavelength ߣ = 460 ݊݉). Furthermore, faster decays for the quadrupole field pattern than that 
of the dipolar resonances are observed. It is also shown that dipole resonance red-shifts with 
decreasing the sharpness, while the quadrupole resonance is almost fixed [40].
DDA modelling results of the plasmon spectra of both perfect and snipped trigonal 
prisms also show three peaks; where the strongest one is in the visible range and very sensitive 
to triangular snipping. The more snipping, the more blue-shift in the main plasmon peak is 
observed; however, the two other peaks are pretty fixed while varying the snipping [40, 66].
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Figure 3-7. E-field enhancement for the Ag trigonal prism (a) dipolar resoances at tips, (b) 
quadrupolar resoances at sides [40].
3.6 Material Effect 
The most common metals used in LSPR applications are silver (Ag), gold (Au), copper 
(Cu), and aluminium (Al). Silver and gold are more common than the others because of their 
high enhancement capability. Unlike silver, gold, and copper which have high threshold energy 
for interband activity, aluminium has a lower threshold of activity. Thus, aluminium can be 
used in the Drude model with high accuracy. In addition, copper and aluminium are abundant 
and cheap [44].
The real and imaginary parts of the electric permittivity for these four metals are shown 
in Figure 3-8(a, b). Obviously, Cu and Au have almost similar permittivity values and the same 
interband thresholds of 2 eV, where their imaginary part of permittivity raises. Ag has a 
different threshold value for interband energy activation at 4 eV, and Al interband threshold 
happens at around 1.5 eV with much lower value for the real part of its permittivity. The LSPR 
resonance frequency depends on the real part of the permittivity, and resonance line width or 
spectrum flatness on its imaginary part. Thus, the smaller the real part of the permittivity is, 
the higher the plasmon frequency becomes (e.g. for Al); and the higher the interband threshold 
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is, the sharper the spectrum becomes (e.g. for Ag). This fact has been explained in Figure 3-
8(c).
Figure 3-8. Effect of metal material on (a) real part of the electric permittivity, (b) imaginary part 
of the electric permittivity, and (c) plasmon extinction cross section [44].
Since reducing the Au content decreases the enhancement significantly [67], to keep the 
enhancement factor in the reasonable range, we need to have a higher plasmon wavelength 
[43].
Increasing the environment dielectric factor red-shifts the plasmon resonance, causes 
stronger Fano resonance, and therefore more enhancements. This rule has been demonstrated 
for a silver-truncated tetrahedral NP, based on both DDA numerical calculation method and 
experimental results [40].
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The permittivity of the surrounding medium or refractive index per molecular binding, 
which is the second power of the permittivity, can be raised in at least three ways. First, larger 
molecules (e.g. proteins) produce larger shifts roughly in proportion to the mass of the 
molecule. Second, chromophores that absorb visible light couple strongly with the LSPR of 
NPs to produce large shifts and can be used to detect small molecules binding to protein 
receptors. Third, pairs of NPs that are separated by less than about 2.5 particle radii show
plasmonic coupling and marked spectral shifts [3, 5].
In another research by Schatz et al. [40], the DDA calculations to model a 10 nm silver 
sphere either sinking into a mica substrate or surrounded by free vacuum, demonstrates that 
the plasmon wavelength of the sphere is red-shifted when the sphere goes from free vacuum to 
being partially embedded in the mica [40].
3.7 Polarisation Effect 
Figures 3-9(a, b) compares extinction efficiency of two single nano-spheres with radii of 
30 and 60 nm, respectively, for two group points on the sphere, (a) along the polarisation
direction (Point 1), and (b) rotated 45 degrees away from the polarisation direction (Point 2). 
It is obvious that the field enhancement for Point 1 is much larger than that for Point 2.  It has 
been shown that the dimer enhancement is approximately four times as large as a single Ag 
sphere for a parallel polarisation of the incident wave. In contrast, perpendicular excitation of 
the dimer results in an enhancement factor below unity [68].
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Figure 3-9. Comparison of extinction efficiency, for specific points for radius Ag spheres with radii 
of (a) 30 nm and (b) 60 nm [40].
Also using the PH method, the nano-stars have been modelled as the hybridization of a 
solid core and the individual tips of the particle. Figure 3-10(a) shows calculation results for 
an electric field with a polarisation angle ߠ = 0°, and wavelength of 804 nm, which shows a
large plasmon resonance on the horizontal tip (1.9 eV), while the enhancement on other tips is 
very small. The results for a polarisation angle ߠ = 60° (Figure 3-10(b)) exhibit a larger second 
resonance than the first one at 2.1 eV localized on the downward pointing tip. Finally, Figure 
3-10(c) shows the enhancement results for a polarisation angle ߠ = 90° , where another 
resonances at 2.5 eV is seen at the two upward pointing tips.
Figure 3-10. Maximum electric field enhancements for excitation of a nano-star with (a) 0-degree 
polarisation, (b) 60-degree polarisation, and (c) 90-degree polarisation, The maximum field enhancements 
are indicated on top of each panel [66].
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3.8 Discussion    
As mathematically described in Chapter 2, NPs morphology and incident light 
polarisation direction impact on the plasmon resonance characteristics including resonance 
wavelength shift and surface electric field enhancement. These effects are summarized in Table 
3.1.
Table 3.1. Parameters affecting the LSPR efficiency.
             
          Effects
Parameters
Dipole plasmon Quadrupole plasmon Comments
Intrinsic region size 
increase
Blue-shift,            
More enhancement
Single particle, 
extrinsic region size 
increase
Red-shift,
More enhancement
Blue-shift
Nanostructures More enhancement Less enhancement
hemisphericals and 
cubiods  have more 
enhamcement than 
dimers
Tip Sharpness 
increase (p-
polarisation)
Red-shift,
More enhancement
Creation of dipole 
resonances on the tips, 
and quadrumors on the 
sides
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Aspect ratio increase Red-shift, 
More enhancement
Blue-shift, 
Less enhancement
Polarisation direction 
along the major axis
Particle-Substrate 
interaction increase
Red-shift, 
More enhancement
Blue-shift,
More enhancement
Using nano-pillars
Analyte or 
Environment 
permittivity increase
Red-shift Red-shift
Particle-Particle 
separation decrease
(more interaction)
Red-shift,
More enhancement
(plateaus after 3times 
the particle size)
e.g. Separation in nano-
structures, shell thickness 
and core diameter in 
nano-shells,  particle on 
metal film distance
As can be seen from the table, p-polarisation creates more enhancement than other 
polarisations (when electric field vector direction is aligned with the major axis of the NP). 
Moreover, increasing the aspect ratio further red-shifts the plasmon resonance for p-
polarisation; in contrast, increasing the aspect ratio for s-polarisation waves further blue-shifts 
the resonance, while enhancing the extinction spectrum. Although the plasmon spectrum of 
single particles are scale invariant, but in multiparticle structures, increasing the particle size, 
and shrinking the particles gaps increase the enhancement of the extinction spectrum, and red-
shift the resonance frequency. To increase hot spots due to particle-particle interactions, dimers 
or arrays of NPs can be employed with the high tuneability capability. Unlike particle-particle 
interaction, decreasing particle-substrate interaction presents more enhancements in the 
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extinction spectrum. To fade quadrupole and higher multipole effects, using p-polarised waves 
and larger nano-structured particles with further asymmetry is recommended. These 
asymmetries can be achieved with increasing aspect-ratio, or even with creating defects in the 
NPs structure, where hot-spots are considered in the defected or sharp tip areas. Sharp edges 
are best spots for surface charge accumulations and plasmon enhancement; thus, they can be 
utilized in the design of dimer hot-spot areas.
According to these observations, the author has formulated the following rules, which 
will help researchers better design LSPR devices,
x Rule 1: Unlike the intrinsic effect, the extrinsic effect increases the dipole plasmon 
wavelength with rising size ݎ, while more multipoles are presented in the extinction 
spectrum.
x Rule 2: Dipole enhancement has the highest value along the polarisation
angle (ߠ = 0), Equation (2-65), especially in smaller particles. However, increasing 
the size of the particle yields a more uniform extinction over the particle surface in 
different angles ߠ, while quadrupole enhancement is maximized in the direction 
normal to polarisation angle. 
x Rule 3: When light exposes a NP, all odd multipole plasmon resonances are excited. 
The even ones are dark modes.
x Rule 4: Increasing the environment dielectric factor red-shifts the plasmon resonance, 
causes stronger Fano resonance, and therefore more enhancements.
x Rule 5: The coupling effect between NPs decreases for higher angular momentum 
orders as ܦି(௟ା௟’ାଵ).
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x Rule 6: Dependence of nano-structured plasmons to the particle separations in the 
longitudinal mode (i.e., ݉ = 0) is much more than that of the transverse mode (݉ =
1), because of the anisotropy of the multipolar interaction potential.
x Rule 7: Increasing the hot spot area considerably reduces the maximum enhancement, 
but this reduction plateaus for separations greater than three times the nano-sphere 
radius. Also, this increase causes the resonance frequency blue shifts.
x Rule 8: The surface charges tend to accumulate at the tip points; thus, the maximum 
enhancement occurs at sharp points, but qudrupole resonances are concentrated on 
plain sides. Therefore, the main plasmon energy peak of a tip enhances and red-shifts 
with increasing tip length or the sharpness of the tip. However, the enhancement drops 
dramatically as the distance between the tip and the substrate increases. The spatial 
resolution of TERS is also mainly dependent on the radius of curvature of the tip end 
[69].
x Rule 9: In longitudinal polarisation case of the incident electric field, the more prolate 
the NP is (along the polarisation direction), the more red-shift occurs at dipolar 
plasmon frequencies ( Equations (2-71) and (2-72) ), while in transverse polarisation
case of the incident electric field, the more prolate is the NP (normal to the polarisation
direction), the more blue-shift occurs at the dipolar plasmon frequencies and the 
dipolar enhancement drops; however, other multipolar plasmon resonances grow with 
increasing aspect ratio.
x Rule 10: Quadrupole resonances are quenched by increasing the particle asymmetry 
for p-polarisation, but enhanced for s-polarisation.
x Rule 11: Defects, which are another type of asymmetry, enhance and red-shift the 
electric field in hot spots, when the polarisation of the incident light is parallel to the 
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defect or asymmetry axis.  However, they fade and blue-shift the electric field, when 
the polarisation of the incident light is perpendicular to the defect or asymmetry axis.
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4 CHAPTER 4
LSPR MODELLING RESULTS
4.1 Background 
In this chapter, interaction of light in the IR-Vis range on various NP shapes is
electromagnetically modelled using the FDTD method. The source is assumed to be a total 
field scattered filed (TFSF) with PML boundary conditions [17] in the IR-Vis wavelength range 
of 300-800 nm, travelling along z-direction. The grid size in the FDTD modelling is taken ο=
10 ݊݉ and sampling time in femtosecond (10ିଵହ ݏ) is:
οݐ = ο஼ ؆ 0.033 (݂ݏ)
Although various polarisation directions have been studied in this research, but we 
assume the default polarisation direction along the y-axis, unless otherwise is mentioned. LSPR 
spectrum characteristics including extinction and scattering cross sections, dipolar plasmon 
wavelength, and sharpness of the LSPR spectrum are calculated to find out the LSPR behaviour 
of each NP. Sharpness of the plasmon spectrums of NPs is calculated using the full width at 
half maximum (FWHM) factor which indicates a spectrum damping that is mainly due to 
interband and intraband energy activation thresholds. This factor is strongly dependent on the 
shape and material of the NPs.
The simulated and fabricated NPs are from noble metals such as gold and silver. The real
and imaginary parts of silver and gold metals used in this simulation in IR-Vis range are shown 
in Figure 4-1.
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Figure 4-1. (a) Real and (b) imaginary parts of gold (blue) and silver (red) permittivity.
Since the imaginary part of the epsilon for silver in the visible wavelength is less than 
that of gold, more Raman enhancement and sensitivity is expected from silver NPs than gold 
NPs. Therefore, the NPs are selected as silver whose permittivity is matched with a fourth order 
Drude-Lorentz model. In addition, glass is selected as the substrate material because its 
refractive index is 3.81.
4.2 Modelling of NPs morphology 
4.2.1 Problem Description
The interaction of light with various NP shapes and dimensions including silver nano-
spheres (Figure 4-2(a)), nano-disks (Figure 4-2(b)), and nano-rings (Figure 4-2(c)) in free air 
is investigated using the FDTD method in this section. 
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Figure 4-2. Schematic diagrams for a (a) nano-sphere, (b) nano-disk, and (c) nano-ring 
topographies.
4.2.2 Results and Discussion
Figure 4-3 exemplifies the cross sections of a silver nano-sphere (a), a silver nano-disk 
(b), and a silver nano-ring (c) of some particular dimensions, resulting from the FDTD 
modelling. Obviously, nano-disks and nano-rings have the two advantages of higher electric 
field enhancement and sharper spectrum (i.e. less FWHM) than nano-spheres.
Figure 4-3. Extinction (blue), scattering (red), and absorption (green) cross sections for (a) a silver 
nano-sphere with radius of 40 nm, (b) a silver nano-disk with radius of 40 nm and thickness of 30 nm, and 
(c) a silver nano-ring with inner radius of 20 nm, outer radius of 40 nm, and thickness of 30 nm.
Figure 4-4 compares extinction, scattering, and absorption cross sections of nano-spheres 
and nano-disks against their radius. Accordingly, too much enhancement is seen in nano-disks 
compared to nano-spheres for the same radius. 
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Figure 4-4. Extinction cross section (blue), scattering cross section (red), and absorption cross 
section (green) against radius for (a) nano-spheres and (b) nano-disks.
Furthermore, plasmonic characteristics of the NPs against their radius for dipolar 
resonances are presented in Figure 4-5. Figure 4-5(a) shows the dipolar plasmon resonance 
wavelength of the two NPs as a function of their radius; Figure 4-5(b) shows the inverse 
eigenvalue (1 ߛൗ ) introduced in the electrostatic eignemode method in Equation (2-51) to (2-
54). Extinction cross section of the NPs, defined in Equation (2-26), and their sharpness 
measure of FWHM are shown in Figures 4-5(c) and (d).
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Figure 4-5. Dipolar (a) resonant wavelength, (b) inverse eigenvalue, (c) extinction cross section, and 
(d) FWHM for a silver nano-disk (blue) and a silver nano-sphere (red) with radii of 40 nm vs. radius.
As observed from Figure 4-5(a-b), three distinct regions are recognizable in the nano-
sphere plasmon spectrum (red colour), and two regions can be seen in the nano-disk plasmon 
spectrum (blue colour) as follows:
(i) The first common region, which is called intrinsic region, is for the NPs smaller than 20 
nm in radius, where the intrinsic effect or quasi-static regime of the NP, directly affect 
the metal permittivity ߝ(߱,ܴ). In this region, the plasmon wavelength falls by increasing 
the size, as shown in Figure 4-5(a); 
(ii) If the NPs are not too small or too large (i.e. larger than 20 nm and smaller than 60 nm 
in radius), the extrinsic effect is emerged, where the extinction coefficient is dependent 
on size  ݎ. Unlike the intrinsic effect, the extrinsic effect causes increasing of the plasmon
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wavelength with raising size ݎ as shown in Figure 4-5(a). In addition, in this range, 
mostly dipoles are excited in the resonant spectra; 
(iii) The third region happens if the NP size is large enough (larger than 60 nm in radius for 
silver nano-sphere or much larger for nano-disks. In this region, whilst the resonant 
wavelength still rises with the size, since the nano-sphere size is comparable with the 
incident wavelength, higher multipoles start to contribute to the spectra due to retardation 
effects where conduction electrons do not all move in phase [43, 70]. Therefore, nano-
disks have a wider linear range than nano-spheres over the radius size. In addition, it is 
obvious that resonant wavelengths of the nano-disks are on the red side of the nano-
spheres of the same radius. In addition, multipoles are excited in nano-disks for sizes 
much larger than that of nano-spheres.
Regarding the graph shown in Figure 4-5(b) the effective inverse eigenvalue 1 ߛ௘௙௙Τ is 
calculated as a linear function of the NPs radii; however, the plasmon eigenvalue (ߛ௘௙௙)-radius 
relationship has less linearity than (1 ߛ௘௙௙Τ )-radius relationship. Accordingly, the eigenvalues, 
which are essential in formulation of the eigenmode method, can be finely estimated by two 
straight lines for nano-spheres and by one straight line for nano-disks in the extrinsic region, 
as follows:
For nano-spheres: 
ଵ
ఊ೐೑೑ = ൜
0.0107r +  0.1255                  ݂݅ 20 < ݎ ൑ 55 ݊݉
0.0031r +  0.5387                             ݂݅ ݎ > 55 ݊݉ (4-1) 
and for nano-disks: 
  ଵఊ೐೑೑ = 0.0032r +  0.6271                      ݂݅ ݎ > 20 ݊݉ (4-2)
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where ݎ is the radius of the NPs. The square residual error for nano-disks with radius ݎ >
20 nm is up to 0.965, which proves a very linear relationship between inverse eigenvalue and 
radius.
While for the same nano-disk:
ߛ௘௙௙ = െ0.0051r +  1.5416           ݂݅ ݎ > 20 ݊݉ (4-3)
The square residual error for nano-disks with radius ݎ > 20 nm is up to 0.92, which 
proves a very linear relationship between inverse eigenvalue and radius compared to that 
relationship between eigenvalue and radius. These quantities can be utilized in the electrostatic 
eigenmode interaction method to formulate the LSPR spectrum attributes on an ensemble of 
NPs.
Figure 4-5(c) demonstrates that both nano-spheres and nano-disks of radii less than 20 
nm exhibit very low extinction and scattering cross sections. However, raising the NPs radius 
linearly increases both scattering and extinction cross sections, which is verified by Equation 
(2-77), while nano-disks present more dipolar electric field enhancements than nano-spheres 
for the same sizes, which is due to the singularities created on the edges of the nano-disks upper 
and lower bases. 
Figure 4-5(d) compares the FWHM values of nano-disks against those of nano-spheres 
for various radii. The graph indicates another advantage of having lower FWHM values or 
sharper LSPR spectrum in nano-disks than nano-spheres. Obviously, large values of FWHM 
for nano-spheres are due to the retardation effect and generation of the multipoles.
The effect of size on other resonance modes especially on quadrupoles is indicated in 
Figure 4-6. The graph demonstrates that increasing the size of nano-spheres (larger than 60 
nm) creates quadrupoles in the spectrum. The quadrupoles have wavelength less than dipoles 
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(by coefficient of  (݈ +  1)/݈ = 2 ). In addition, the quadrupoles extinction cross section
increases with the radius of nano-spheres, such that for radii greater than almost 75 nm, 
quadrupole extinction becomes larger than dipole extinction. As shown in Figure 4-6(c), the 
larger the spheres become, the smaller effective eigenvalue (less than 3 which is for a dipole 
plasmon of a sphere) is attained due to more excited multipoles. However, because of more 
asymmetry in nano-disks than nano-spheres, the downhill ramp of the eigenvalues versus 
radius will be less than that of a nano-sphere; on the other hand multipoles in nano-disks are 
more quenched than in nano-spheres. Therefore, nano-disks exhibit a sharper spectrum than 
nano-spheres, as observed in Figure 4-3 and demonstrated in Figure 4-5(d), which is  very 
desirable in many LSPR applications [40, 43].
Figure 4-6. (a) Dipolar (red) and quadrupolar (blue) resonant wavelengths, (b) dipolar (red) and 
quarupolar (blue) extinction cross sections, and (c) effective eigenvalues vs. size of nano-spheres.
To gain higher enhancements without creating multipoles, especially in nano-spheres, 
elongation is increased to have eccentric shapes. In this case, polarisation direction of the 
incident light becomes very important in electric field enhancement factor. Simulation results 
confirm maximum extinction cross sections and maximum tunability range of resonant 
wavelength are achieved for incident lights travelling along the z-axis with polarisation
direction along the major axis direction (y-axis in this simulation). However, for other 
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polarisation directions, there are very weak dipolar electric field enhancements with almost 
fixed resonant wavelength. This feature is confirmed by Equation (2-73) [32].
The effect of aspect ratio on dipole resonances for an incident light polarised along the 
NPs elongation (the y-axis in these simulations) for nano-spheroids with various radii, and 
nano-oval disks with various minor axis sizes and fixed thickness of 30 nm are shown in Figure 
4-7(a-c) and Figure 4-7(d-f), respectively. These results demonstrate that if the polarisation
direction is along the major axis, raising aspect ratio almost linearly red-shifts the plasmon 
resonant wavelength (Figures (b) and (e)), and enhances extinction dipolar cross sections (i.e. 
the surface plasmon electric field enhancement), while the ramp value is an increasing function 
of the NP radius. 
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Figure 4-7. (a) Inverse eigenvalue, (b) plasmon wavelength, and (c) extinction cross section for 
nano-spheroids; (d) Inverse eigenvalue, (e) plasmon wavelength, and (f) extinction cross section for nano-
oval disks with thickness of 30 nm. Major radius is taken 20nm (blue), 30nm (red), 40nm (green), 50nm 
(purple), and 60nm (light blue).
Figures 4-7(a) to (c) demonstrate that there is a turning point in aspect ratio in the 
plasmon spectrum of nano-spheroids with a particular minor axis size. For aspect ratios larger 
than this value, high efficiencies with high values of extinction and scattering cross sections 
are obtained; however, if the aspect ratio is less than this turning point, there are not much 
enhancements. Therefore, the larger the minor axis becomes the bigger enhancement over the 
same aspect ratio is attained. Unlike nano-spheroids, nano-oval disks present a linear 
relationship between the inverse eigenvalue and the aspect ratio for the whole ranges of aspect 
ratios as a function of minor axis size, as shown in Figure 4-7(d-f). Hence, the linearity range 
of wavelength-radius relationship for nano-oval disks is broader than that of nano-spheroids 
with the same physical attributes. Furthermore, the larger minor axis NPs present the longer 
plasmon resonance wavelength for both nano-spheroids and nano-oval disks. Obviously, using 
these graphs, the required eigenvalue for a single NP can be easily engineered for a specific 
application. 
In addition, from Figure 4-7 we learn that increasing the NPs asymmetry (i.e. increasing 
their aspect ratio) has a higher impact on the plasmon wavelength shift than increasing the size 
of the NPs, and this shift in nano-oval disks is further than that of nano-spheroids. For example, 
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increasing the size of a nano-spheroid with aspect ratio of 2, from minor radii of 20 nm to 40 
nm, red-shifts the plasmon wavelength from 477 nm to 560 nm, which accounts for only 17.4% 
proportional shift. While, elongating a nano-spheroid with minor radius of 20 nm, from aspect 
ratios of 2 to 4, red-shifts its resonance wavelength from 530 nm to 660 nm, which shows 47% 
growth. For a nano-oval disk with the same parameters, we attain 25% and 52% wavelength 
shift, respectively. 
In another investigation, nano-rings are compared with nano-disks. The simulation 
results, shown in Figure 4-8, state that nano-rings with a fixed inner radius and a variable outer 
radius have a nonlinear wavelength-size relationship compared to nano-disks with the same 
outer radius; however, the nano-rings spectrum marginally approaches the nano-disks spectrum 
by increasing the outer diameter size. In addition, nano-rings show more enhanced extinction 
spectrum than nano-disks.  
Figure 4-8. Comparison of (a) plasmon wavelengths and (b) extinction cross sections for nano-rings 
(blue) with inner radius of 20 nm against nano-disks (red) spectrum versus the outer radius size.
Finally, Figure 4-9 shows the plasmon electric fields on the surface of a nano-sphere with 
radius of 56 nm, a nano-disk with radius of 56 nm and thickness of 30 nm, and a nano-ring 
with outer radius of 56 nm, inner radius of 30 nm, and thickness of 30 nm, respectively. These 
figures demonstrate that, nano-rings present more enhanced plasmon spectrum than nano-disks 
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with the same outer radius size, and nano-disks have much better enhancements than nano-
spheroids. It is obvious that the puncture in the nano-ring has caused more surface electric 
charges concentrated on the edges of the base along the polarisation direction (y-axis). In 
addition, for polarisation directions along the elongation axis, as the aspect ratio increases, 
more surface electric fields are collected along the major axis (along polarisation direction) on 
the tips of the nano-disk base, due to more asymmetry created by the elongation. This fact is 
shown in Figure 4-9(d) for nano-oval disks with minor axis radius of 56 nm, aspect ratio of 1.4, 
and thickness of 30 nm.
Figure 4-9. Total electrical field intensities on plane xy (a) passing the middle section of a nano-
sphere, over the top base of (b) a nano-disk, (c) a nano-ring, and (d) a nano-oval disk along the y-axis, 
with polarisation along the elongation direction. 
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4.2.3 Conclusion
According to these simulation results, it is concluded that:
i. Enhanced electrical fields are generated on the surface or near the surface of noble metal 
nano-spheres or edge points of nano-disks with the dominant component along the 
polarisation direction;
ii. Nano-disks or nano-rings exhibit more dipolar surface electric field enhancement and 
less multipolar enhancement than nano-spheres because of the singularities created on 
the edges or their punctures. This effect leads to a sharper LSPR spectrum in nano-disks 
and nano-rings than nano-spheres;
iii. By increasing the NPs size, multipoles are excited and the LSPR spectrum flattens. This 
size threshold for NPs with singularities, such as nano-disks and nano-rings, is much 
higher than that of nano-spheres;
iv. By increasing the NPs aspect ratio, more dipolar extinction and scattering cross sections 
are attained, so the plasmon spectrum is more sharpened, and the plasmon wavelength is 
more red-shifted;
v. The more asymmetrical is a NP (e.g. higher aspect ratio NPs), the less multipoles are 
generated, provided that the incident light polarisation is along the NPs elongation;
vi. The inverse eigenvalue-radius and inverse eigenvalues–aspect ratio relationships of the 
NPs can be approximated by a linear equation which is useful in solving the plasmon 
interactions between NPs and tuning the plasmon wavelengths.
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4.3 Modelling Proposed Alumina Cap 
4.3.1 Problem Description
In the presence of a substrate in a background medium, the surface charges from the 
metal polarise both the substrate and the medium; thus, additional surface charges are created 
at the interface between the metal and the substrate. This phenomenon can be described by the 
charge-image theory [71]. As shown in Figure 4-10, in the charge-image theory, the 
combination of both substrate with electric permittivity ߝ௦ and medium with electric 
permittivity ߝ௕ (Figure 4-10(a)) can be considered as an infinite individual medium with an 
effective electric permittivity ߝ௘௙௙ (Figure 4-10(b)) in which the metal NP is immersed 
regardless of the existence of coating on top of the NP [65].
Figure 4-10. (a) The NP in a medium with electric permittivity of ࢿ࢈ (green disk on top of the 
substrate) and its mirror image inside the substrate with electric permittivity of ࢿ࢙ (dark yellow disk 
inside the substrate), (b) Representation of the combined substrate/medium shown in (a) by an infinite 
medium with effective permittvity of ࢿࢋࢌࢌ in which only the NP is embedded.
According to the electrostatic eigenmode method, the electric field from the surface 
charges of the NP in the background medium ߪ(࢘) at a position ࢘ induces a surface charge of 
ߪ(࢘૚) at the mirror position ࢘૚ [65]:
ߪ(࢘૚) = ఌ್ିఌೞఌ್ାఌೞ ߪ(࢘) (4-4)
This surface charge can be imagined as the surface charge on a mirror image (i.e. pseudo 
NP) inside the substrate, as shown in Figure 4-10(a). Therefore, we can assume that we have 
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two identical interacting NPs, if the size of the NP is much less than the incident wavelength 
[7, 11, 30, 65]. This interaction leads to a shift in the LSPR resonance wavelength. It has shown 
that in the presence of the substrate, the excitation amplitude ෤ܽ௞(߱) at the k-th mode equals to:
෤ܽ௞(ߣ௞) = ଶఊೖఌ್(ఌ೘൫ఒೖ൯ିఌ್)ఌ್൫ఊೖାଵ൯ାఌ೘൫ఒೖ൯൫ఊೖିଵ൯ି(ఌ೘൫ఒೖ൯ିఌ್)ఎ்ೖ ࢖
௞.ࡱ଴ (4-5)
where,
ߟ = ఌ್ିఌೞఌ್ାఌೞ (4-6)
and the interaction of the NP with the substrate is specified by the T-factor: 
ܶ௞ = ఊೖଶగ ׯ ׯ ߬௞(࢘)
࢔ෝ.(࢘ି࢘૚)
|࢘ି࢘૚|య ߪ
௞(࢘૚)݀ܵ݀ܵଵ (4-7)
which depends on the surface dipole eigenfunction ߬௞(࢘) at the position of the NP, and surface 
charge eigenfunction ߪ௞(࢘૚) at the position of the mirror image of the NP. The T-factor shows 
how strong the interaction between the NP and its mirror image is; it is approximated by the 
following formula:
ܶ௞ = ఊೖଶగௗయ ቀ3൫࢖௞.ࢊ෡൯
ଶ െ ࢖௞.࢖௞ቁ (4-8)
where ࢊ෡ is the distance vector between the centres of the NP and its mirror image in the 
substrate.
By comparing Equations (4-5) and (2-53), it can be seen that the resonance wavelength 
is changed in the presence of the substrate from ߣ௞ to ߣሚ௞, as if the NP is entirely immersed in 
a medium with dielectric permittivity of ߝ௘௙௙:
ߝ௠൫ߣሚ௞൯ = ߝ௘௙௙ ଵାఊ
ೖ
ଵିఊೖ (4-9)
ߝ௘௙௙ = ఌ೘൫ఒ
ೖ൯
ఌ೘൫ఒ෩ೖ൯ = ߝ௕
ଵାఎ்ೖ (ଵାఊೖ)ൗ
ଵାఎ்ೖ (ଵିఊೖ)Τ (4-10)
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On the other hand, the polarisability of a NP with radius ݎ, which represents a distortion 
of the electron cloud in response to an external electric field is calculated as follows [37]:
ߙ = 4ߨߝ௕ݎଷ ఌ೘(ఒ
ೖ)ିఌ್
ఌ೘൫ఒೖ൯ାଶఌ್ (4-11)
In addition, if the NP with thickness ݐ is coated with a thin layer of dielectric of thickness 
݀ and electric permittivityߝௗ, the polarizability is given by [72]:
ߙ = 4ߨߝ௕(ݐ + ݀)ଷ ఌ೏ఌಲିఌ್ఌಳఌ೏ఌಲାଶఌ್ఌಳ (4-12)
ߝ஺ = ߝ௠(ߣ௞)(3െ 2ܲ) + 2ߝௗܲ (4-13)
ߝ஻ = ߝ௠(ߣ௞)ܲ + ߝௗ(3െ ܲ) (4-14)
ܲ = 1 െ ቀ ௧௧ାௗቁ
ଷ
(4-15)
4.3.2 Results and Discussion
LSPR devices fabricated by silver NPs present better efficiencies (i.e. sensitivity) than 
those made from other noble metals such as gold; however, silver NPs are easily oxidized when 
they exposed to water, acids, halides, and air, which is inevitable in biosensing applications.
Therefore, silver NPs should be covered by a protecting layer over a reasonably long period
[73]. In this research, alumina (AL2O3) capped silver nano-disks are proposed to protect the 
surface of the silver NPs against oxidation and high temperature, and finely tune the LSPR 
spectrum.
The finite difference time domain (FDTD) method with PML boundary conditions [17]
is used to electromagnetically model a NP on a glass substrate (see Figure 4-11(a)); and 
compare it with the LSPR resonance of a NP on a glass substrate, when an alumina cap is 
placed on top of the NP (see Figure 4-11(b)). 
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Figure 4-11. The nano-disk structure associated with (a) glass substrate and (b) glass substrate and 
alumina cap on top of the NP.
Obviously, in the absence of a substrate, for shapes with two bases like nano-disks, the 
same enhancement is observed at tips along the polarisation angle, i.e. along y-axis in this 
simulation, on both upper and lower bases. However, when putting the NP on a glass substrate, 
the plasmon enhancement is more pronounced at sharp tips in the surface interface between the 
nano-disk and the substrate, as shown in Figure 4-12. This is the direct result of interaction of 
the NP mirror image with the original NP when using a substrate. 
Figure 4-12. Total electrical field intensity on (a) plane xy on the upper base and (b) plane xy on 
the lower base of a nano-disk with radius of 56 nm and thickness of 30 nm on a SiO2 substrate at 
resonance wavelength of 565 nm.
Figure 4-13 demonstrates that the resonance wavelength of the NP not only depends on 
the NP radius, but also on the substrate material. This Figure compares the resonance 
wavelengths of the reference NP over silica glass with refractive index of 3.81 (blue colour), 
Pyrex7052 with refractive index of 5.07 (green colour), and Pyrex1710 with refractive index 
of 6.00 (red colour) [74].
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Figure 4-13. Plasmon wavelength of the reference NP vs. radius for silica glass (blue), Pyrex7052 
(green), and Pyrex1710 (red) substrates.
As observed from Figure 4-13 and investigated in section 4.2, regardless of the material 
of the substrate, very small NPs (i.e. NPs with radius less than 20 nm) represent another 
physical phenomenon in their LSPR behaviour, which is called intrinsic effect or quasi-static 
effect. In this range of radii, increasing the radius of the NP sharply drops the resonance 
wavelength. The intrinsic effect or quasi-static regime of the NP directly affects the metal 
permittivity ߝ(ݎ), while more multipoles are observed in the extinction spectrum and all the 
resonance peaks are very weak [43, 75].
In addition, Figure 4-13 demonstrates that using substrates with higher refractive index 
red-shifts the resonance wavelength of the LSPR device. This phenomenon is revealed by 
Equations (4-6), (4-9) and (4-10). Accordingly, the higher is the refractive index (or electric 
permittivity) of the substrate, the longer resonance wavelength is attained. In addition, the 
presence of a substrate with higher electric permittivity results in a higher Rayleigh scattering 
factor, and therefore, higher surface electric field [76].
In this modelling, ߝ௘௙௙, defined in Equations (4-9) and (4-10), is calculated based on the 
reference structure of a nano-disk with radius of 40 nm and thickness of 30 nm placed on a 
semi-infinite glass substrate. This nano-disk structure is used as a reference to find out how 
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increasing the thicknesses of every component in the device including the NP and the alumina 
cap affect the plasmon spectrum. In this simulation, only the dipole mode, i.e. the first mode 
(݇ = 1), is considered; therefore, the ݇ superscripts are no longer included in the following 
notes. The resonance wavelength of the reference NP is denoted by  ߣ, while the resonance 
wavelength of the modified structures is denoted by ߣሚ . Accordingly, two cases have been 
considered as follows:
(i) Experiment  1 : The reference NP with primary thickness of 30 nm is put on the 
substrate and the variations of the plasmon spectrum is observed by increasing its 
thickness by another 0-40 nm; therefore, the thickness of the new NP structure varies 
within 30-70 nm,
(ii) Experiment 2: The reference NP of thickness 30 nm is put on the substrate and a 
variable thickness alumina is capped on top of the NP where the thickness of the 
alumina cap is varied within 0-40 nm.
Figure 4-14(a-c) shows plasmon wavelength ߣሚ, ߝ௘௙௙, and FWHM, for the two cases, i.e. with 
and without alumina cap.
Figure 4-14. (a) Plasmon wavelength, (b) effective permittivity, and (c) FWHM for the nano-disk 
structures explained in the two experiments 1 and 2 indicated by green and red colours, respectively.
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The results of using the first case are shown by green colour and for the second one by 
red colour. These graphs demonstrate the following facts:
x The variation of the plasmon wavelength ߣሚ, exactly follows the variation of the 
effective epsilon in all cases (compare Figures (a) and (b)). Since the eigenvalue ߛ is mostly 
dependent on the shape and physical dimensions of the NP, the values of  ߝ௠൫ߣሚ൯ and ߝ௘௙௙ are 
related by the constant value of  ߛ as shown in Equations (4-9) and (4-10).
x The plasmon wavelength drops and the LSPR spectrum flattens (i.e. FWHM increases) 
through thickening the NPs (green), while NPs thicker than around 50 nm exhibit much
flattened spectrum. 
x Adding a cap with higher electric permittivity than the glass substrate (e.g. alumina 
cap), both red-shifts the plasmon wavelength and sharpen the LSPR spectrum. 
The last criterion is justified using Equations (4-12) to (4-15). According to Equation (4-
12), the plasmon resonance occurs when the denominator of the fraction approaches zero, i.e. 
when ߝௗߝ஺ = െ2ߝ௕ߝ஻. This equation can be solved for three regions as follows: 
(i) When there is no cap (݌ = 0), then ߝ஺ = 3ߝ௠ and ߝ஻ = 3ߝௗ. If these values are put in 
the resonant condition ߝௗߝ஺ = െ2ߝ௕ߝ஻, we get the known resonant condition for nano-
spheres of ߝ௠ = െ2ߝ௕.
(ii) When there is a thin cap (݌ ൎ 0), then according to Equation (4-12) to (4-15) putting 
a cap with permittivity of ߝௗ on the NP results in more increase in ߝ஻ than ߝ஺. To 
satisfy the resonant condition of ߝௗߝ஺ = െ2ߝ௕ߝ஻, the value of ߝ஺ must be inevitably 
increased, which necessitates increasing the absolute value of ߝ௠ which occurs at 
higher frequencies. This result justifies the higher ramp in both the effective 
permittivity and plasmon wavelength as shown by green trends in Figure 4-14.
(iii) If there is a thick cap (݌ ൎ 1), then ߝ஺ = ߝ஻ = ߝ௠ + 2ߝௗ. Therefore, to realize the 
resonant condition ߝௗߝ஺ = െ2ߝ௕ߝ஻, we need to have ߝ௠ = െ2ߝௗ. Since alumina has 
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higher permittivity than glass, the required resonant condition necessitates having 
higher threshold value for ߝ௠ which occurs at higher wavelengths. 
In addition, the sharpness of the LSPR spectrum is mainly due to the lower interband 
activity threshold of the material used in the LSPR NPs. For example, the LSPR spectrum of 
silver NPs are sharper than that of the gold NPs due to the lower interband activity threshold 
of silver (2 eV) than gold (3.85 eV). Since aluminium has a very low interband activity 
threshold of 1.5 eV [44], putting alumina on top of the NPs enhances the sharpness of the LSPR 
spectrum. In addition, as shown by Sing et al. [77], a gentle breaking of the NPs symmetry, 
e.g. here a two layer NP, results in a weak interference between the bright and dark resonance 
modes [8]; therefore, the creation of a sharper Fano resonance [9] is observed in our work. 
Besides, simulation results show that, adding an alumina cap on the NP slightly enhances 
the scattering and the extinction cross sections at the interface between the NP and the glass 
substrate. Therefore, the alumina cap does not negatively affect the sensitivity of the LSPR 
device as a biosensor, when an analyte is placed in the hot spots on the substrate. The reason 
is that the sensitivity in LSPR biosensors is dependent on the value of the light/matter 
interaction and quantified as a function of the fraction of light at the sensor surface [78]. In 
other research, it is shown that putting a dielectric material with high electric permittivity on
top of the NP can enhance the sensitivity of the device [75, 79]. However, because of the weak 
binding capacity of the glass, due to its flat surface, nano-porous alumina has recently been 
used to provide a greater sensitivity for gene detection; the reason is that the target molecules 
can be easily immobilized on the porous material [80].
Figure 4-15(a) shows the variation of the plasmon wavelength versus the cap thickness 
as a function of the NP radius. Obviously, the larger the NP is, the less effective epsilon is 
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attained (see Figure 4-15(b)); thus, the plasmon wavelength is more shifted towards red. If we 
assume that our background is free air with ߝ௕ = 1, since for every kind of substrate ߝ௦ ൒ 1,
then െ1 ൑ ߟ < 0; therefore, ߝ௦ ൒ ߝ௕ = 1. Accordingly, increasing the base size of the NPs 
raises the plasmon wavelength and eigenvalue ߛ in the extrinsic regime [43]; according to 
Equation (4-8), this will increase the T-factor due to more interaction between the NP and its 
mirror image, which in turn decreases ߝ௘௙௙ in Equation (4-10). Regarding ܶ and ߛ being 
positive values and ߟ being a negative value, we expect that  ߝ௘௙௙ ൒ ߝ௕ = 1, where the equal 
sign is fulfilled for the no-substrate case (ܶ = 0). Therefore, the T-factor for high enough 
substrate thickness is independent from the substrate thickness. 
Figure 4-15. (a) Plasmon wavelength, (b) effective permittivity, (c) proportional plasmon 
wavelength difference, and (d) FWHM variations vs. the Al2o3 cap thickness as a function of a nano-disk 
with radii of 30nm (green), 40nm (orange), 50nm (blue), 60nm (brown), and 70nm (purple), where the 
thickness of the NP is 30 nm.
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The proportional resonance wavelength difference between the structure in question,
denoted by ߣሚ , and the reference NP over the substrate, denoted by ߣ , is defined as 
ߜߣ = ൫ߣሚ െ ߣ൯ ߣΤ .This quantity is less sensitive to the NP size and has an exponential growth 
approaching a limit value of 0.06, as shown in Figure 4-15(c). Therefore, regardless of the NP 
size, we can precisely attain around 6% increase in the plasmon wavelength, by thickening the 
Al2O3 cap from 0-40 nm. These results can be interpreted by applying the eigenmode 
interaction method on the charge-image theory, as explained in Chapter 2. According to Figure 
4-15(c), the ߜߣ quantity for the proposed Al2O3 capped NP on a 30nm-thick glass substrate is 
calculated as a function of the cap thickness (ݐ) and is almost independent of the NP size, as 
follows:
ߜߣ(ݐ) = 0.06(1െ ݁ି଴.଴ହହ௧) (4-16)
Another advantage of using the alumina cap is revealed from Figure 4-15(d). This graph 
explains how thickening the alumina cap will be utilized to sharpen the LSPR spectrum (i.e. 
smaller FWHM), while larger NPs present less sharp spectrum.
According to the definition of ߜߣ = ൫ߣሚ െ ߣ൯ ߣΤ , it is concluded that:
ߣሚ(ݎ, ݐ) = ߣ(ݎ). ൫1 + ߜߣ(ݐ)൯ (4-17)
To numerically calculate the resonance wavelength of the two modified structures 
(Experiments 1 and 2), an estimate of the resonance wavelength of the reference NP (the 
individual NP with thickness of 30 nm without any alumina cap) on the glass substrate as a 
function of the radius of the NP is required. Figure 4-13 shows the variation of the resonance 
wavelength of the reference NP versus the radius of the NP (green color for silica glass 
substrate). Accordingly, we can precisely estimate ߣ(ݎ) as a function of the radius  ݎ, for ݎ ൒
20 ݊݉ as follows:
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ߣ(ݎ)  =  4.1ݎ +  388.2,             ݎ ൒ 20 ݊݉ (4-18)
Therefore, the resonance wavelength of the NP capped with alumina is formulated as a 
function of the size of the NP (ݎ ൒ 20 ݊݉) and the thickness of the alumina cap, as follows:
ߣሚ(ݎ, ݐ) = (4.1ݎ +  388.2) × (1 + 0.06 (1െ ݁ି଴.଴ହହ௧)) (4-19)
4.3.3 Conclusion
According to these results, using the image-charge theory, we concluded that:
i. Putting a NP on a glass substrate causes an enhanced electric field on the 
interface between the NP and the substrate;
ii. Putting alumina cap on top of the NPs sharpens the LSPR spectrum and blue 
shifts the plasmon resonance wavelength, while thickening the NP widens the 
LSPR spectrum and red-shifts the resonance wavelength. Thus, this new method 
is able to finely tune the resonance wavelength of the NP by changing the 
thickness of the Alumina cap;
iii. Covering the surface of the silver NP protects it from oxidation and high 
temperature.
4.4 Modelling Proposed Nano-sinusoids 
4.4.1 Problem Description
Numerical investigations are carried out to demonstrate advantages offered by the 
proposed nano-sinusoid on LSPR enhancement over other sharp tip NPs including nano-
triangles and nano-diamonds. Although nano-triangles exhibit high concentration of the 
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electric field near their tips, when illuminated with a light polarised along the tip axis, they 
present only one hot spot at the vertex along the polarisation direction (see Figure 4-16(a)). To 
create a structure with two hot spots, which is desirable in bio-sensing applications, two nano-
triangles can be put back-to-back to shape to a nano-diamond particle (see Figure 4-16(b)), 
which exhibits two hot spots and presents higher enhancements than nano-triangles for the 
same resonant wavelength. The main drawback of the nano-diamonds is the non-linearity in 
their physical size-plasmon wavelength relationships, due to a high level of singularity as the 
result for their two off diagonal axis sharp tips. In this research a novel geometry, called nano-
sinusoid (see Figure 4-16(c)) has been introduced to reduce some of the aforementioned 
drawbacks (nonlinearity and having just one hot spot) whilst maintaining the characteristics for 
a high sensibility sensing.
Figure 4-16. (a) Nano-triangle, (b) nano-diamond, and (c) nano-sinusoid topographies.
The proposed nano-sinusoid geometry is similar to a nano-diamond shape, but presents 
two important modifications with respect to it, that makes it suitable for the SERS biosensing. 
First, the transition from the symmetry axis towards the external part is changed from linear to 
exponential taper. It has been demonstrated that such a solution implicitly reduces impedance 
mismatch, hence the device incorporating such a solution exhibits a broader bandwidth. 
Secondly, the off-symmetrical tips are eliminated by smoothing the connection between the 
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two arms. Reducing the presence of discontinuity, the surface charge density will be lower, and 
there is the possibility to increase the level of charge density near the other existing tips 
positioned on the main symmetry axis of the molecule. 
A combination of these two approaches gives rise to the sinusoid shape, which inherently 
exhibits a wide-band response. The resulting resonator is similar to a dipole of variable in-
plane width, which in turn corresponds to different path length form one edge to the other. For 
a dipole of overall length L, the resonant frequency and resonant wavelength are given by: 
݂ = ܿ/2ܮඥߝ௘௙௙ 4-20)
ߣ = 2ܮඥߝ௘௙௙ (4-21)
where c is the speed of light in vacuum, and ߝ௘௙௙ is the effective electric permittivity of the NP. 
For the wide frequency band analysis, the value of ߝ௘௙௙ varies with frequency, making the 
analysis even more challenging. 
Equation (4-20) describes that the resonant frequency is inversely proportional to the 
length; hence, one expects that a nonlinear variation of L, under given shape will reflect in a 
linear answer. On the other hand, contrast to a constant in-plane width printed dipole (or 
constant radii wire dipole), the in-plane width of the nano-sinusoid dipole varies smoothly (see 
Figure 4-16(c)), allowing the dipole to resonate for different frequencies. A similar behaviour 
can be observed for the nano-diamond shape (Figure 4-16(b)), but the inverse of the linear 
transition corresponds to a function with a Fourier transform with higher electric field 
enhancement even far away from the spectral lines corresponding to the tips with respect to the 
proposed sinusoid shape which will be smoother. Therefore, one expects that the eigenmodes 
of the novel resonator will exhibit a more linear behaviour for the sinusoidal shape. This 
observation is important, since the current distribution and the radiation pattern (also near-
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field) are related by the 2D Fourier transform. Furthermore, the substitution of the two off-
symmetry tips with smooth transitions is expected to reflect in smoother spectra. The remaining 
discontinuities are along the symmetry axis, and will concentrate more surface charge; i.e. will 
increase the sensibility of the Raman scattering. A further feature of such geometry consists of 
the reduction of specular reflection of the surface current. Therefore, reduction of the multi-
resonances is expected. Moreover, the elimination of the two tips makes the structure also less 
sensitive to fabrication issues.
In particular, we have used the following expression to describe the proposed shape:
ݔ = ݏ(ݕ) = ± ቚܯ sin ቀ ௬గ௪ െ
గ
ଶቁቚ               ݂݋ݎ  െ
௪
ଶ < ݕ <
௪
ଶ (4-22) 
where ݕ denotes the in-plane position along the polarisation direction, ݔ is the in-plane position 
normal to the polarisation direction, ܯ is the modulation constant, and ݓ is the in-plane width. 
Notation of the dipole in-plane width with ݏ has been used in connection with its variable 
“slenderness ratio”.
Considering our geometry, and differentiating Equation (4-22) with respect to the 
longitudinal variable ݕ, we have:
ௗ
ௗ௬ ݏ(ݕ) = ܯ
గ
௪ cos (
௬గ
௪ െ
గ
ଶ) (4-23)
In our case ܯ = ݓ/2, and the tip is located at (ݕ, ݔ) = (௪ଶ , 0), so we have 
ௗ
ௗ௬ ݏ(ݕ) = ܯ
గ
௪  cos ቀ
௬గ
௪ െ
గ
ଶቁቚ௬ୀೢమ
= ܯ గ௪ =
஠
ଶ (4-24)
Hence,
 
ఏ
ଶ = atan ቀ
஠
ଶቁ = 57.51୭ = 57.41
஠
ଵ଼଴ = 0.32Ɏ (4-25)
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As a result the overall aperture of the tip is ߠ = 113.03୭ = 0.638Ɏ. According to the 
analysis in ref. [81], the cutoff frequency ߱௖ can be calculated as:
ܴ݁{ߝ(߱௖)} = ఏఏିଶగ = െ0.468 (4-26)
Therefore, for silver nano-sinusoids the cutoff frequency is ߱௖ ൎ 345 ܶܪݖ. At such vertex 
angle we have that (i) both the electric field and total Raman signal in a volume diverge; (ii) 
the electric field blows up at the vertex, while the total Raman signal in a volume converges to 
a finite value. Since we are above the curve ߱௖, the electric field will not vanish at the vertex. 
The cutoff frequency can be controlled by the modulation factor ܯ, such that by decreasing ܯ
or on the other hand by increasing the aspect ratio of the nano-sinusoids, lower cutoff frequency 
is attained. All these characteristics correspond to our goal, which is increasing the sensitivity 
of our NP. Consequently, the above discussion also describes a way of how to design our NP. 
In addition to the single NPs, the interaction of the source light with a chain of silver nano-
triangles (Figure 4-17(a)), silver nano-diamonds (Figure 4-17(b)), and the new recently 
proposed silver nano-sinusoids (Figure 4-17(c)) are investigated on the same glass substrate.
Figure 4-17. Topographies for (a) nano-trinagle chain, (b) nano-diamond chain, and (c) nano-
sinuoid chain.
In the following section, a comparative study amongst triangle, diamond, and sinusoid 
NPs will be conducted and presented; also linearity of wavelength-size and enhancement of 
surface electric fields are demonstrated.
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4.4.2 Simulation Results and Discussion
4.4.2.1 Single particles 
Using the finite-difference time-domain (FDTD) method [17], the interaction of a source 
light with an equilateral nano-triangle (Figure 4-16(a)), an equilateral nano-diamond (Figure 
4-16(b)), and the proposed nano-sinusoid (Figure 4-16(c)) topographies are investigated in air. 
Besides, all shapes have a z-oriented thickness of 30 nm. 
Figure 4-18 shows sample cross sections of silver nano-triangles, nano-diamonds, and 
nano-sinusoids of in-plane width of  ݓ = 80 ݊݉ versus wavelength. The results demonstrate 
smoother LSPR spectrum of nano-sinusoids than nano-triangles and nano-diamonds, due to 
less multipoles excited in them. 
105
Figure 4-18. Extinction (blue), scattering (red), and absorption (green) cross sections for (a) a silver 
nano-triangle, (b) a silver nano-diamond, and (c) a silver nano-sinusoid of in-plane width 80 nm and 
thickness of 30 nm versus wavelength.
Simulation results for various NPs size also show that the extinction and scattering cross 
sections of nano-sinusoids for in-plane width larger than 40 nm exclude any multipole 
resonances; however, multipole resonances are even seen in the spectrum of nano-triangles and 
nano-diamonds for sizes larger than 70 nm and 60 nm for nano-triangles and nano-diamonds, 
respectively.
Figure 4-19 compares the variations of the plasmon inverse eigenvalues and the plasmon 
wavelengths for the three considered NPs against their size from 5-200 nm (i.e. the length of 
the symmetry axis along the y-axis for each NP). As expected (Figure 4-19(a)), nano-triangles 
larger than 80 nm have an inverse eigenvalue-size relationship which is more linear than that 
of nano-diamonds; however, nano-diamonds cover a wider range of sizes but give more 
fluctuations in the spectrum due to its high level of singularities. Nano-sinusoids present a very 
linear relationship of inverse eigenvalue-size or plasmon wavelength-size, which makes them 
very suitable for fine tuning of the dipolar plasmon resonant wavelength whilst maintaining 
the dynamics of the nano-diamond geometry. As seen in Figure 4-19(b-c), increasing the size 
of all considered NPs increases the extinction cross sections, and red-shifts the plasmon 
resonance wavelength. These results are in line with the findings reported in [40, 43].
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Figure 4-19. (a) Inverse of eigenvalue, (b) plasmon wavelength, and (c) extinction cross section for 
a silver nano-triangle (blue), a silver nano-diamond (red), and a silver nano-sinusoid (green), versus size.
Therefore, using Equation (2-54), the inverse eigenvalue ɀୣ୤୤ of nano-sinusoid NPs can 
be linearly approximated with respect to their in-plane width, and with a higher accuracy with 
respect to the other two considered NPs. As can be seen from Figure 4-19(a), nano-sinusoids 
inverse eigenvalues can be finely estimated by a straight line for in-plane width ݓ larger than 
40 nm via the following equation by a squared residual value of 0.9673:
ଵ
ఊ೐೑೑ = 0.0014ݓ + 0.6443           if   ݓ ൒ 40 nm (4-27)
In addition, for the same ranges of size from 40 to 100 nm, nano-sinusoids generate wider 
ranges of plasmon wavelengths than nano-triangles associated with more linearity, as shown 
in Figure 4-19(b). 
In addition, Figure 4-20 compares the variations of the plasmon extinction cross sections 
for the three considered NPs with respect to their wavelength. The figure indicates more dipolar 
surface electric field enhancement in nano-sinusoids than nano-triangles and nano-diamonds 
for the same resonance wavelength; besides, more linearity of the cross sections versus 
wavelength for nano-sinusoids than the two other shapes are obsereved. The simulation results 
demonstrate that for wavelengths longer than 500 nm, nano-sinusoids and nano-diamonds 
absorb less energy (lower absorption cross section) than nano-triangles. Moreover, nano-
triangles exhibit a lower scattering cross section too. Consequently, the efficiency of nano-
diamonds and nano-sinusoids are higher than nano-trinagles. In particular, nano-sinusoids 
exhibit the highest and more linear extinction and scattering cross section over the entire 
wavelength range of interest. Figure 4-20(b) also compares the FWHM values for the three 
structures. This figure demonstrates extremely sharper plasmon spectrum for nano-sinuoids 
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than nano-triangles in the visible wavelength less than around 615 nm; however, as the plasmon 
wavelength goes higher than this value, nano-triangles exhibit a sharper spectrum.
Figure 4-20. (a) Extinction and (b) FWHM for a silver nano-triangle (blue), a silver nano-diamond 
(red), and a silver nano-sinusoid (green) vs. plasmon wavelength.
The effect of aspect ratio on dipole inverse eigenvalues of the NPs for an incident light 
polarised along the symmetry axis elongation (y-axis in these simulations) for various minor 
axis sizes and NP thickness of 30 nm is shown in Figure 4-21. The relevant extinction cross 
sections are also displayed in Figure 4-22. The graphs show the best linearity of the plasmon 
parameters with respect to aspect ratio for nano-sinusoids and the worst linearity for the nano-
diamonds; nano-sinusoids have a mild and symmetric shape which prohibits the generation of 
multipoles. In addition, increasing the aspect ratio in the NPs enhances the surface plasmon 
electric fields on one hand, and red-shifts the dipolar plasmon wavelength on the other hand. 
The larger the size of the minor axis (along y-axis) of each NP is, the steeper the ramp of 
enhancement and inverse-eigenvalue-growth become.
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Figure 4-21. Dipolar inverse of eigenvalues for (a) nano-triangles, (b) nano-diamonds, and (c) 
nano-sinusoids vs. aspect ratio as a function of minor axis size of ࢝ = [૝૙,૟૙,ૡ૙,૚૙૙,૚૛૙] ࢔࢓
displayed by colours [blue, red, green, purple, light blue] from the smallest to the largest.
Figure 4-22. Dipolar extinction cross sections for (a) nano-triangles, (b) nano-diamonds, and (c)
nano-sinusoids vs. aspect ratio as a function of minor axis size of  ࢝ = [૝૙,૟૙,ૡ૙,૚૙૙,૚૛૙] ࢔࢓
displayed by colors [blue, red, green, purpule, light blue] from the smallest to the largest.
In addition, Figure 4-23 shows the plasmon electric field along the sharp tips of an 
equilateral nano-triangle, an equilateral nano-diamond, and a symmetric nano-sinusoid with 
the identical sizes of 110 nm and thickness of 30 nm, when illuminated by a plane wave 
polarised along the y-axis. As expected, for this polarisation direction, more electric fields are 
collected along the y-axis (polarisation direction) on the tips of both upper and lower bases of 
the NPs, i.e. surface plasmon electric fields are slowed down in the vicinity of the singularities 
resulting more confined energy at these spots. 
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However, to the best of our knowledge some important issues, such as the divergent 
features of the structure and the influence of source location on the field enhancement, have 
not been discussed yet. The electric field diverges at the vertex (singularity) of the structure 
even when the material is highly dissipative. This divergent feature then disappears above a 
critical frequency; the electric field vanishes as surface plasmons propagate towards the vertex, 
whereas a considerable field enhancement is still expected along the metal surface.
The graphs demonstrate more surface electric fields on the tips of the nano-triangles than 
nano-diamonds and nano-sinusoids, and almost the same enhancement for the last two NPs.
Figure 4-23. Total electrical field intensity on plane xy on the upper base (z=15 nm) of (a) a nano-
triangle, (a) a nano-diamond, and (a) a nano-sinusoid with in-plane width of 110 nm and thickness of 30 
nm.
4.4.2.2 Multi particles 
The coupling constant c, is calculated using Equations (2-58) and (2-59), for a chain of 
nano-sinusoids shown in Figure 4-24. The graphs show the coupling constant for a chain of 
two nano-triangles (a), tow nano-diamonds (b), and two nano-sinusoids (c) with spacing S=5-
60 nm. This figure demonstrates the most coupling between the nano-sinusoids and the least 
coupling between the nano-triangles for the same particle size and spacing. This finding is 
another reason for having more enhanced surface electric fields at hot spots of the nano-
sinusoids than the other sharp tip NP shapes in a chain. In addition, it is obvious that reducing 
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the distance of the NPs increases the coupling between them, which leads to larger surface 
electric fields at hot spots. However, as observed from Figure 4-24, the interaction effect 
between the nano-sinusoids approaches zero beyond the spacing limits larger than that of the 
nano-triangles and the nano-diamonds.
Figure 4-24. Variations of the coupling constants vs. spacing for (a) nano-triangles, (b) nano-
diamonds, and (c) nano-sinusoids in a chain of two NPs as a function of the NP lengths 80 nm (green), 100 
nm (purple), 120 nm (blue), and 140 nm (red) for NPs with the same out of plane thickness of 30 nm.
Figure 4-25 shows the variation of the same coupling constants against the resonance 
wavelength. The figure demonstrates stronger coupling between the nano-sinusoids than the 
nano-triangles and the nano-diamonds at the same resonance wavelength. In addition, it is seen 
that using the nano-sinusoids, we are able to generate surface plasmons in a wider range of 
visible wavelengths.
The effect of the NPs chain length in an array of NPs, with variable length from 2 to 5 
NPs, on the coupling constant against spacing is also explained in Figure 4-26, where a larger 
coupling in the case of the nano-sinusoids than for the two other NP shapes for the same spacing 
and chain length is observed. It is also observed that the chain length of the NPs does not have 
a major impact on the coupling constants especially for long enough spacing. Moreover, the 
coupling between NPs at the same spacing, but in a chain of a different length  is very close, 
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demonstrating that the effect of the chain length is more negligible than that of the spacing 
between NPs.
Figure 4-25. Variations of the coupling constants vs. wavelength for (a) nano-triangles, (b) nano-
diamonds, and (c) nano-sinusoids in a chain of two NPs as a function of the NP lengths 80 nm (green), 100 
nm (purple), 120 nm (blue), and 140 nm (red) for NPs with the same out of plane thickness of 30 nm.
Figure 4-26. Variations of the coupling constants between two adjacent NPs vs. spacing for (a) 
nano-triangles, (b) nano-diamonds, and (c) nano-sinusoids in a chain of two NPs (red),  three NPs (green), 
four NPs (purple), and five NPs (blue) for NPs with the same in-plane width of 100 nm, and out of plane 
thickness of 30 nm.
Figure 4-27 shows the effect of the chain length on the coupling constant against the 
resonance wavelength. It is observed that variations of the coupling constants versus the 
resonance wavelength do not change with the chain length for the lengths longer than three 
NPs per chain. Thus, although the enhancement obtained from shorter chains are higher than 
that of the longer ones, but the trends approach each other for long enough chains.  This finding 
demonstrates that in the internal to the structure NPs, the coupling is constant. It varies at the 
edges of the structure, as expected. 
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Figure 4-27. Variations of the coupling constants vs. wavelength for (a) nano-triangles, (b) nano-
diamonds, and (c) nano-sinusoids in a chain of two NPs (red),  three NPs (green), four NPs (purple), and 
five NPs (blue) for NPs with the same in-plane width of 100 nm, and out of plane thickness of 30 nm.
The effect of reducing the distance of the NPs in a chain on dropping the interaction 
strength is validated through observing the variations of the LSPR spectrum sharpness and 
resonance wavelength. As expected [82, 83], Figure 4-28(a) demonstrates sharper spectrums 
(i.e. smaller FWHM values) for a chain of two NPs with smaller particle size; and Figure 4-
29(a) proves the sharper spectrum attained from the shorter chain of NPs. In addition, Figure 
4-28(b) shows the high dependence of the resonance wavelength on the NP size; however, 
Figure 4-29(b) demonstrates very low dependence of the resonance wavelength on the chain 
length, especially for very congested chains having short NP spacing. 
The proportional wavelength shift with respect to a single NP is defined as follows:
߂ߣ = (ߣ െ ߣሚ)/ߣ (4-28)
where ߣ is the resonance wavelength of a single NP and  ߣሚ is the resonance wavelength 
of the chain of NPs.
Figures 4-28(c) and 4-29(c) demonstrate that the proportional wavelength shift ߂ߣ is 
almost independent to both particle size and chain length and is a function of the particles 
spacing ݏ.
߂ߣ(ݏ) = 0.3݁ି(௦ିହ) ଵ଴Τ (4-29)
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Therefore for nano-sinusoids with thickness of 30 nm:
ߣሚ(ݓ, ݏ) = (2.6026ݓ + 417.79)൫1 + 0.3݁ି(௦ିହ) ଵ଴Τ ൯ (4-30)
Figure 4-28. Variations of (a) FWHM, (b) resonance wavelength, and (c) proportional resonance 
wavelength shift versus spacing  for a chain of  two nano-sinusoids as a function of their in-plane length of 
80nm (green), 100nm (purple), 120nm (blue), and 140nm (red).
Figure 4-29. Variations of  (a) FWHM, (b) resonance wavelength, and (c) proportional resonance 
wavelength shift versus spacing  for a chain of  nano-sinusoids with in-plane length of 100 nm and 
variable NP number in each chain for two NPs (red), three NPs (green),  four NPs (purple), and five NPs 
(blue) per chain.
The figures demonstrate that the wavelength shift also decays exponentially with 
increasing the spacing and approaches zero for NPs almost farther than 50 nm from each other 
in a chain.
As shown in Figure 4-20, in a 1D configuration, nano-sinusoids and nano-diamonds 
exhibit more enhancement than nano-triangles at the same resonance wavelength. Extension to 
2D configuration is quite straightforward. The easiest way to do it consists of translation of the 
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previous 1D geometry.  In this way a further degree of freedom is introduced, namely the 
transverse shift along x-axis, and consequently more in detailed investigation is required. 
However, for the preliminary results on the surface electric fields profile at hot spots for a 3 ×
3 array of the NPs at the same resonance wavelength of 759 nm, placed at the same longitudinal 
and transversal spacing of 20 nm, reported in Figure 4-30, confirm that nano-sinusoids exhibit 
more enhancement (both in the central and lateral rows) with respect to the other shapes.
Figure 4-30. Total electrical field intensity on plane xy on the upper base of (a) a nano-triangle with 
in-plane width of 80 nm, thickness of 30 nm, (b) a nano-diamond with in-plane width of 140 nm, thickness 
of 30 nm, and (c) a nano-sinusoid with in-plane width of 140 nm, thickness of 30 nm, spacing of 20 nm, 
and all at the same resonance wavelength of 759 nm.
From Figure 4-30, a clear edge effect, i.e. divergent surface current distribution, is 
observed. Such behaviour is natural in finite dimension arrays. It is observed that the divergent 
edge behaviour of the electric surface charges are in the direction normal to the y-axis which 
is the resonance or polarisation direction. This behaviour is exploited by comparing the surface 
electric field profiles of the 1 × 3, 2 × 3, 3 × 3, and 4 × 3 arrays of the nano-sinusoids with 
thickness of 30 nm, in-plane width of 120 nm, and the same longitudinal and transversal 
spacing of 20 nm (as shown in Figure 4-31(a)-(d), respectively). These graphs demonstrate that 
the surface electric charge tends to distribute around the outer rows of the arrays; it will 
therefore reduce the space efficiency. Such a phenomena is commonly observed both in case 
of a single radiator or array configurations where the transverse to the resonance direction field 
diverges [73]. In addition, very low enhancements are observed for the 2 × 3 array of the NPs. 
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The reason is that the dipolar resonances of the adjacent rows weaken each other, that is why 
the dipolar surface electric fields are only observed in the outer rows, but inner ones. Also, it 
is obvious that by increasing the row number, more interaction between the NPs is generated 
which results in red shift of the dipolar resonance wavelength. It is also observed that at the 
wavelengths lower than the dipolar resonance wavelength, other multipoles are excited. 
Therefore, dipolar resonance wavelength cannot be precisely estimated from the peak values 
of the extinction cross section parameter. Moreover, these multipoles are not distributed 
towards the outer layers, but distributed over the whole rows. It is expected that such behaviour
can be efficiently exploited for real-time filtering of the observable data. 
Figure 4-31. Plasmon surface electric fields on 2D arrays of nano-sinusoids, (a) ૚ × ૜ arrays with 
resonance wavelength of 702 nm , (b) ૛ × ૜ arrays with resonance wavelength of 705 nm, (c) ૜ × ૜ arrays 
with resonance wavelength of 711 nm , and (d) ૝ × ૜ arrays with resonance wavelength of 722 nm .
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4.4.3 Conclusion
The proposed nano-sinusoids have the following advantages with respect to other sharp 
tip NPs such as nano-triangles and nano-diamonds:
i. Nano-sinusoids and nano-diamonds present two hot spots; and therefore, a wider range 
of applicable plasmon wavelength, and higher electric field enhancement for the same 
resonant wavelengths. 
ii. Increasing the NPs size or aspect ratio incurs more dipolar and less multipolar extinction 
and scattering cross sections, besides shifting the dipolar resonance towards red light. 
iii. Nano-triangles and with a higher extent nano-diamonds exhibit more non-linearity in 
their plasmon spectrum-size relationship because of their higher singularities due to 
many sharp edges, which makes the engineering of their plasmon wavelength 
uncontrollable. The linear relationship is very essential in solving the plasmon 
interactions between the NPs and tuning the plasmon wavelengths for applications such 
as SERS biosensing using the electrostatic eigenmode interaction method. 
iv. The surface plasmon excitations have a lower bound cutoff at a finite frequency on the 
nano-sinusoids than the other two sharp tip nano-structures; in addition, the electric field 
diverges below a critical frequency even when metallic losses are considered.
v. Nano-sinusoids exhibit higher coupling constants than the nano-triangles and the nano-
diamonds at the same resonance frequencies. Thus, more enhanced surface electric fields 
are created at the hot spots of the nano-sinusoids than the other two NP shapes.  
vi. The closer the NPs are, the higher coupling constant (i.e. the more enhanced surface 
electric fields at the hot spots) will be attained.
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vii. Less red-shift of the resonance wavelength and sharper LSPR spectrum is attained for 
the NPs which are close enough in a chain. 
viii. If the chain length increases beyond almost more than five NPs per chain, the coupling 
constants and the resonance wavelengths will not be changed significantly for the NPs 
that are far enough from each other. 
The 2D simulation outputs result in the generation of high multipoles over the whole NPs 
and dipolar only in hot spots of the outer layers.
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5 CHAPTER 5
FABRICATION AND CHARACTERIZATION
5.1 Nanofabrication Process 
The first step in any experimental job is designing the final device. Generally, the final 
device geometry and dimensions is to be defined precisely. The pattern to be exposed is 
designed by CAD software like AutoCAD. The accepted format of such a design by the 
electron beam lithography (EBL) software is a GDSII. A process called fracturing is done 
before exposure, which translates the GDSII data file into a machine-exposable GPF file. This 
data file contains all the instructions needed by the pattern generator to scan the beam as 
required by the pattern data file. Then the GPF data file is transferred into the memory of the 
EBL pattern generator [84].
In the nanofabrication process, a spin coater is used to cover a substrate (e.g. glass or 
silicon) by a photoresist material. Then in an EBL, a highly focused electron beam exposes the 
resist to print any two-dimensional patterns down to the nano-scale size. The result of the 
inelastic collisions of electrons with the photoresist material is ionization in the exposed resist. 
Generally, two classes of photoresists, positive and negative photoresists, are used in the 
EBL. A classic positive photoresist like PMMA (poly-methyl methacrylate), which is a long 
chain polymer, is broken into smaller, more soluble fragments when exposed by electron 
beams. Then, the substrate is developed by dissolving the exposed section of the PMMA in a 
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developer (see Figure 5.1). In contrast, electron beams convert a negative photoresist to low 
solubility. An example of a negative resist is HSQ (hydrogen  silsesquioxane) [85].
Figure 5-1. EBL process to form a nano-scale pattern in a positive resist, (a) spin coating of the 
resist, (b) electron exposure by EBL, (c) substrate development.
Exposing polymeric resist layers such as PMMA on top of non-conducting substrates 
results in accumulation of charge during EBL exposure, which deflects the beam and distorts 
the pattern. To resolve this problem, a  thin layer (from 5 nm) of light metals such as Al, Cr, or 
Cu are to be deposited either on top of the PMMA or between the PMMA layer and the 
substrate for the sake of having electrical grounding and electron reflection features, as shown 
in Figure 5.2.
Figure 5-2. (a) Glass substrate coated with both Cr. and PMMA, (b) Patterns generated in PMMA 
using EBL and development.
The fabrication process, shown in Figure 5-3, is explained step-by-step as follows:
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Figure 5-3. Nano-fabrication process.
5.1.1 Wafer Preparation
Preparing a sample for EBL requires working in a clean room, with ISO class 5 or better, 
and careful handling of the sample. A typical wafer preparation procedure is outlined as 
follows:
1. Cleaning the wafer with acetone while heating them on a heater with temperature of 
70ƒc for 3 minutes,
2. Rinsing the wafer with cold acetone and then IPA,
3. Drying the wafer by nitrogen,
5.1.2 Photoresist Coating
Coating of the prepared wafer with photoresist (e.g. PMMA) is done in following steps:
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1. Select the proper photoresist concentration according to the thickness of the resist that 
must be coated on the surface of the glass wafer. This thickness should be about four 
times as much as the thickness of the noble metal that is going to be deposited on the 
surface of the wafer. For example, if the photoresist thickness must be 120 nm, the 
PMMA A2 resist is selected based on the material graph,
2. Set the spin coater parameters using its programmable controller based on the material 
graph; e.g. the coater speed should be 1000 RPM and the coating time should be 1:30 
min for coating 120 nm PMMA,
3. Put the wafer on the centre of the chuck inside the coater and start the coater,
4. Once coating is done, bake the PMMA by putting the wafer on a heater with ƒc
temperature for 5 min,
5.1.3 Chromium Deposition Using E-beam Evaporator
The E-beam evaporator used for metal deposition is a Nanochrome PVD System from 
IntlVac company. This equipment is utilized to deposit Chromium on top of the PMMA for the 
sake of E-beam lithography, because we need a conductive and reflective material on the wafer 
for the lithography.
5.1.4 EBL
The pattern, which is designed in the last item, is printed on the glass wafer using EBL 
instrument. The EBL instrument is EBPG5000 from Vistec company. The writing for main 
field, and subfield resolutions are taken 1 nm, and 0.5 nm, respectively. Beam current is 200 
pa, aperture size is 200 um, and electron dosage is from 800 to 1550 uc/m2. 
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5.1.5 Chromium Etching
The Cr layer is etched using chromium etching solution inside a fume hood.
5.1.6 Wafer Development
Wafer development means washing out the part of the PMMA on top of the wafer which 
has been affected through lithography. Through this process, the binding of the part of the 
PMMA exposed by electrons is weakened and can be easily removed. This development is 
done using a developer like MIBK2 for 1 min. Then IPA2 is used to rinse the wafer, and finally 
it is dried by using nitrogen gas.
5.1.7 Adhesive Chromium Deposition
The adhesion of gold layers on glass substrate is poor; therefore, a chromium adhesion 
layer (2 nm thickness) is deposited on the substrate prior to the gold evaporation, using E-beam 
evaporator instrument.
5.1.8 Gold Deposition
The E-beam evaporator is used again to deposit gold on the surface of the developed 
wafer with required thickness (20 nm in this experiment).
5.1.9 Lift-off
Lift-off is the last stage of the fabrication process. It means removing the PMMA from 
the surface to have nano-structures on the surface of the wafer as designed. Lift off is done in 
the following steps:
1. Put the wafer in a dish containing Acetone,
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2. Put the dish in an ultrasonic bath, and turn on the equipment for 20 min
3. After peeling off the PMMA completely, take out the dish and rinse it with IPA2
5.2 Characterization Techniques 
To image the shape of the fabricated nano-particles on the glass wafer, AFM instrument 
is utilized. In addition, the spectrum of the scattered light from the fabricated NPs is taken using 
dark field microscopy.
5.2.1 Atomic Force Microscopy (AFM)
An AFM is used to catch images from our fabricated particles in ambient conditions. The 
AFM is used in tapping mode. The tip shape is conical and it has resonance frequencies in 
between 280 and 320 kHz. The images are then analysed by a software to draw the thickness 
of the particles for each point. The AFM used is from Veeco Dimension Icon.
5.2.2 Dark Field Microscopy
Scattering spectra are collected using a Nikon Eclipse TE-2000 dark field microscopy. It 
includes a dark-field condenser, with a Nikon Plan Fluor ELWD objective and focused onto a 
MicroSpec 2150i imaging spectrometer coupled with a TE-cooled PIXIS 1024 ACTON 
Princeton Instruments CCD camera.
5.3 Fabrication Results 
Gold nano-structures with varible physical dimensions are fabricated on a glass wafer 
using EBL, and E-beam evaporator. PMMA is used for the EBL as a positive resist, and 2 nm 
thickness of chromium is deposited in between glass and gold NPs to make strong adhesion 
between NPs and the glass wafer. 
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5.3.1 AFM Imaging
The shape of the NPs imaged using AFM is shown in Figure 5-4(a) for a single NP and 
in Figure 5-4(b) for a dimer of nano-sinusoids with spacing of 35 nm. The in-plane width of 
the NPs are 200nm and their thickness is around 20nm.
Figures 5-4(c) and (d) show the in-plane width and thickness of the single and double 
particles shown in Figures 5-4(a) and (b), respectively.
Figure 5-4. AFM images of (a) single nano-sinusoids, (b) dimensions of the single nano-sinusoid, (c) 
double nano-sinusoids, (d) dimensions of the double nano-sinusoid.
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5.3.2 Rayliegh Dark Field Scattering
Rayleigh scattering spectrum of a single nano-sinusoid with variable in-plane width 
(from 140 nm to 200 nm) and thickness of 20 nm are chracterized using dark field microscopy, 
as shown in Figure 5-5(a). Figures 5-5(b) and (c) compare the scattering spectra of a single NP
with double and triple NPs with in-plane width of 140 nm and thickness of 20 nm, for various 
spacings of 35 nm and 50 nm, respectively. Figure 5-5(d) explains the effect of NPs in a chain 
on the LSPR spectrum for multiple nano-partilces with in-plane width of 140 nm and thickness 
of 20 nm. 
Figure 5-5. Scattering spectrum of (a) a single nano-sinusoid with various in-plane width of 140, 
160, 180,and 200 nm; (b) double NPs with width of 140 nm and spacing of 35 and 50 nm; (c) triple NPs
with width of 140 nm and spacing of 35 and 50 nm; (d) multiple NPs with width of 140 nm and spacing of 
50 nm; caught by dark fild microscopy.
Figure 5-5(a) demonstartes higher electric field enhancement, longer resonance 
wavelength, and sharper spectrum for single NPs with bigger in-plane width. The resonace 
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wavelengths for the single nao-particles are 664 nm, 705 nm, 732 nm, and 762 nm for in-plane 
width of 140 nm, 160 nm, 180 nm, and 200 nm, respectively. In addition, Figures 5-5(b) and 
(c) demonstrate the effect of multi nano-partilces in a chain on increasing the scattering 
enhancemnt and red-shifting of the resoance wavelength. These figures also show higher 
electric field enhancment and longer resonance wavelengths are attained for multi particles 
with less spacing. For example, resonance wavelengths are 671 nm and 669 nm for dimers with 
spacing of 35 nm and 50 nm, respectively, which are longer than the resoance wavelength of a 
single nano-sinusoid (647 nm). This phenomenon is because of the coupling effect between 
nano-partilces, as discussed in the previous chapter. Finally, Figure 5-5(d) explains how 
increasing the length of NPs in a chain red-shifts the LSPR resonance wavelength and enhances 
the LSPR surface electric field. Thus, these results fully validate the simulation results in the 
previous chapter.
Figure 5-6(a) demonstrates linear variation of dipolar resonance wavelength of the single 
nano-sinusoids against the size of the particles. As expected from the simulation results, the 
resonance wavelength is linearly proportional to the size of the nano-sinusoids, while for other 
sharp NPs such a relationship is not observed. For example, the resonance wavelength variation 
of triangular nano prisms synthesis from seed particles developed by Jin et al. [86], shown in 
Figure 5-6(b), proves more linearity relationship between the resonance wavelength and the 
size of the nano-sinusoids than the nano-triangles.
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Figure 5-6. Dipolar resonance wavelength of (a) single nano-sinusoids against their size for real 
data (blue) and simulated data(red), (b) synthesised nano-triangles by Jin et al. [86].
In addition, Figure 5-7 shows red-shifting of the dipolar resonance wavelength with 
increasing the length of the particle chains. Also it demonstrates that by increasing the number 
of particles in a chain, the resonance wavelength gradually reaches to a limit.
Figure 5-7. Multi nano-sinusoids against chain length for in-plane width of 140 nm and spacing of 
50 nm(blue), in-plane width of 140 nm and spacing of 35 nm(orange), in-plane width of 180 nm and 
spacing of 50 nm(green), and in-plane width of 180 nm and spacing of 35 nm(brown).
5.4 Conclusion 
In this work, we were trying to design and fabricate a tuneable LSPR device, such that 
by changing the size of the NPs we could finely tune the resonance wavelength. In addition, 
having two hot spots and high surface electric field enhancement are other important goals. 
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The proposed nano-sinusoids are proven to have such linearity in addition to having two 
high spots and high electric field enhancement, by comparing scattering spectra of the nano-
sinusoids and nano-triangles.
In addition, the application of the EBL in precise fabrication of the designed nano-
structures has been proven.
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6 CHAPTER 6
STATISTICAL MODELLING AND OPTIMIZATION
6.1 Problem Description 
A growing increase in the LSPR applications (e.g. biosensing) makes it necessary to 
devise a systematic method to predict a model for LSPR devices, and then optimally design the 
LSPR geometrical parameters for a particular application like surface enhanced Raman 
scattering (SERS) biosensor. In this chapter, a comprehensive method is proposed which 
produces mathematical formulas representing the characteristics of LSPR devices as a function 
of their geometrical parameters. Then, these mathematical formulas are employed in a 
nonlinear programming optimization method to find the optimum geometrical parameters of a 
LSPR structure.
In this work, the statistical technique of response surface method (RSM) [13] is utilized 
to model LSPR spectrum characteristics (i.e. output dataset) as a function of its geometrical 
parameters (i.e. input dataset). The RSM is an effective method in analysing the simulation or 
experimental data of a system, and then fitting an appropriate model to the behaviour of the 
system, relating the output dataset to the input dataset of the system through a mathematical 
formula. This model can be a first-order polynomial model if the output dataset is a linear 
function of the input dataset, or a second-order or quadratic model if the output dataset is a 
quadratic function of the input dataset [87]. In addition to finding a precise mathematical model 
for the system, the RSM can be used to design experiments (or simulations); in other words, 
the RSM determines the number and range of elements in the input dataset, which are necessary 
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for development of a precise model, or perform curve fitting on the output dataset as a function 
of the input dataset.  The output dataset of the FDTD modelling is analysed using the RSM 
considering quadratic models for all the aforementioned outputs to attain a prediction model 
for the input/output datasets.
In the RSM, the relationships between the input dataset (i.e. independent variables), 
e.g. (ݔଵ, ݔଶ, … , ݔ௣), and the output dataset (i.e. dependent variables), e.g. (ݕଵ,ݕଶ, … ,ݕ௤) are 
determined by a mathematical model for each output ݕ௤ , called regression model, as ݕ௤  =
 ݂ (ݔଵ, ݔଶ, … , ݔ௣)  +  ݁௤ , where  ݁௤ is the experimental error term. In a well-estimated 
regression model, the error term ݁௤ for each set of input/output data must be normally and 
independently distributed with the mean value of zero. To satisfy this condition, the graph of 
the normal probability of residuals for each input data must approximately locate along a 
straight line. The analysis of variance (ANOVA) method calculates the F-value of various 
mathematical models (e.g. linear, cubic, quadratic, and 2FI), which shows the best model fitted 
to the input/output datasets. The model with the highest F-value is the most fitted model to the 
datasets. 
The lack of fit (ܲݎ݋ܾ > ܨ), which is defined as the probability of having any F-values 
greater than the model F-value due to noise, is used to find the most significant model. As a 
rule of thumb, a significant model has a lack of fit less than 0.05 [88].
There are various sampling schemes in the RSM. The most popular method is the central 
composite design, which has been selected as the sampling method in this research. Suppose 
that the input/output dataset consists of two variables {ݔ,ݕ} which range within the intervals 
[ݔ௠௜௡, ݔ௠௔௫] and  [ݕ௠௜௡,ݕ௠௔௫] , and are centered at  [ݔ଴,ݕ଴] with spans ܮ௫ = ݔ௠௔௫ െ ݔ௠௜௡
and  ܮ௬ = ݕ௠௔௫ െ ݕ௠௜௡ , respectively. The input dataset is generated over factorial points 
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[ݔ௠௜௡,ݕ௠௜௡] , [ݔ௠௜௡,ݕ௠௜௡] , [ݔ௠௜௡,ݕ௠௜௡] , and [ݔ௠௜௡,ݕ௠௜௡] , axial points [ݔ଴ + ߙ ܮ௫ 2Τ ,ݕ଴] ,
[ݔ଴ െ ߙ ܮ௫ 2Τ ,ݕ଴], ൣݔ଴,ݕ଴ + ߙ ܮ௬ 2Τ ൧, and ൣݔ଴,ݕ଴ െ ߙ ܮ௬ 2Τ ൧, and the central point of [ݔ଴,ݕ଴],
where ߙ is a constant. 
Furthermore, optimization algorithms are employed to find the best input dataset for 
attaining the required output dataset while maximizing an objective function and constraining 
the input/output datasets in a reasonable range. If both the objective function and the constraints 
are linear functions of design variables, then the linear programing (LP) method will be the 
best solution for the optimization problem; however, if the objective function is a nonlinear 
function of design variables, then the quadratic programming (QP) method gives a more 
accurate response. Nonlinear programming (NLP) methods also concern the situations where 
both the objective function and the constraint are nonlinear functions of design variables [14].
In this work, a NLP optimizer is used to find the best solutions for the geometrical parameters 
of the NPs for designing a LSPR NP with desirable resonance wavelength and FWHM values, 
while attaining the maximum possible value for the extinction or scattering cross section as the 
objective function. 
In the NLP, constrained maximization is defined as the problem of finding an input 
dataset {ݔଵ, ݔଶ, … , ݔ௡, }, where ݊ is the number of input variables, that is a local maximum to 
the scalar objective function ݂(࢞) subject to constraints on the allowable ࢞:
max࢞ ݂(࢞) (6-1)
subject to:
࢒࢈ ൑ ࢞ ൑ ࢛࢈ (6-2)
ࢉ(࢞) ൑ 0 (6-3)
ࢉ௘௤(࢞) = 0 (6-4)
132
where ࢒࢈ and ࢛࢈ are ݊ × 1 vectors of lower and upper bound values of the input data ࢞, and 
ࢉ(࢞) and ࢉ௘௤(࢞) are nonlinear constrains vectors on the input data vector ࢞, respectively, 
where the size of these vectors depends on the number of the constraints [14].
In our work, the solutions are optimized using the NLP method which is based on the 
solution of the Karush-Kuhn-Tucker (KKT) equations. The KKT equations are necessary 
conditions for optimality for a constrained optimization problem [89]. Therefore, the NLP 
optimiztion maximizes the nonlinear objective function of the extinction cross section, subject 
to applying bounds on the input date set, to have the optimum design of the LSPR NPs with 
desirable resonance wavelength and sharpness (i.e. small FWHM vlaue). The input dataset is:
ݔ = { ݐ݄݅ܿ݇݊݁ݏݏ, ݅݊ െ ݌݈ܽ݊݁ ݓ݅݀ݐ݄, ݏ݌ܽܿ݅݊݃, ݄ܿܽ݅݊_݊݋ } (6-5)
and the optimium LSPR is attaiend when:
max࢞ { ܧݔݐ݅݊ܿݐ݅݋݊ܥݎ݋ݏݏܵ݁ܿݐ݅݋݊ (݉
ଶ) } (6-6)
subject to the input data bounds:
௠ܶ௜௡ ൑ ݄ܶ݅ܿ݇݊݁ݏݏ (݊݉) ൑ ௠ܶ௔௫ (6-7)
௠ܹ௜௡ ൑ ܫ݊ െ ݌݈ܽ݊݁ ݓ݅݀ݐ݄ (݊݉) ൑ ௠ܹ௔௫ (6-8)
ܵ௠௜௡ ൑ ܵ݌ܽܿ݅݊݃ (݊݉) ൑ ܵ௠௔௫ (6-9)
ܰ௠௜௡ ൑ ܥ݄ܽ݅݊_݊݋ ൑ ܰ௠௔௫ (6-10)
and the nonlinear constraints:
ܨܹܪܯ (݊݉) ൑ ܨܹܪܯ௠௔௫ (6-11) 
ܮ௠௜௡ ൑ ܴ݁ݏ݋݊ܽ݊ܿ݁ ݓܽݒ݈݁݁݊݃ݐ݄ (݊݉) ൑ ܮ௠௔௫ (6-12)
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6.2 Method and Plan 
The gold nano-sinusoid on a glass substrate, introduced in Chapter 4.4, is considered for 
the modelling and optimization in this chapter. The proposed procedure for modelling and 
optimization of the LSPR biosensors, shown in Figure 6-1, includes the following steps:
Figure 6-1. Modelling and optimization procedure flowchart.
1. Design of Experiments/Simulations: The input parameters interact with each other; 
thus, formulating the LSPR characteristics as a quadratic function of the geometrical 
parameters is very challenging. To find a mathematical model that fits the LSPR behaviour 
with the least residual error, first we design the best input dataset using the RSM. This step 
specifies the input values of the required simulations (or experiments) as stated in the first four 
columns of Table 7-1 (green coloured columns). The total number of datasets and the values 
of the dataset elements are calculated by the RSM to have an efficient model. The optimum 
number of datasets suggested by the RSM is ݊ = 34. The RSM can statistically infer the 
number of datasets and the value of the associated elements for optimum curve fitting. Whilst 
the 34 datasets may seem inadequate for robust prediction of a model, it is proven that the RSM 
output gives the optimum design for the experiment under examination.
Optimized 
In/Outs
NP Chain 
Structure
4. Optimization by 
NLP.
5. Mathematical Model 
Matching by RSM
6. Experimental 
Evaluation
1. Design of 
Experiments by RSM.
2. Electromagnetic 
Modeling by FDTD.
3. Mathematical 
Modeling by RSM.
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Table 7-1. Input/Out datasets.
Thickness 
(nm) Width (nm)
Spacing 
(nm) Chain_no
Extinction Cross 
section (m2)
Resonance 
Wavelength (nm) FWHM (nm)
Input Dataset 1 designed by RSM (1st step) Output Dataset 1 resulted from Electromagnetic Modelling (3
rd
step)
. .
. .
. .
Input Dataset n designed by RSM (1st step) Output Dataset n resulted from Electromagnetic Modelling (3
rd
step)
2. Electromagnetic Modelling: The FDTD method simulates electromagnetic 
Maxwell’s equations on the LSPR structure using the input dataset in Table 7-1, generated in 
Step 1, row by row. The outputs of this electromagnetic modelling, including extinction cross 
section, resonance wavelength, and FWHM values are inserted in the second part of Table 7-1
(blue coloured columns).
3. Mathematical Modelling: The RSM builds statistical models on the input/output 
datasets denoted in Table 7-1, generated from the last two steps. This model gives three
mathematical equations for each output dataset as a quadratic polynomial function of all input 
dataset. The bounds and nonlinear constraint limits are considered as follows:
10 ൑ ݄ܶ݅ܿ݇݊݁ݏݏ (݊݉) ൑ 40 (6-13)
80 ൑ ݅݊ െ ݌݈ܽ݊݁ ݓ݅݀ݐ݄ (݊݉) ൑ 150 (6-14)
5 ൑ ܵ݌ܽܿ݅݊݃ (݊݉) ൑ 45 (6-15)
2 ൑ ܥ݄ܽ݅݊_݊݋ ൑ 5 (6-16)
4. Optimization: The extinction cross section formula attained from Step 3 is given to 
the NLP optimizer as an objective function, while the other two formulas (resonance 
wavelength and FWHM) are given to the optimizer as nonlinear constraints. In addition, the 
lower and the upper bounds of the input dataset are defined for the optimizer. The optimizer is 
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asked to find the best geometrical parameters for the LSPR biosensor with a specified range of 
resonance wavelength and FWHM values.
5. Mathematical Model Matching: The optimized parameters are evaluated using the 
RSM. Furthermore, the desirability of the attained input data is calculated by the RSM, which 
specifies how fit the data are to the mathematical model calculated by the RSM.
6. Experimental Evaluation: Finally, the optimized input/output datasets are evaluated 
using the experimental results.
6.3 Results and Discussion 
Having implemented the above mentioned method, the F-values obtained by the 
quadratic model for the FWHM, resonance wavelength, and extinction cross section are 
133.94, 818.42, and 939.02, respectively. The standard deviations are 6.64, 8.22, and 4610.09 
for the FWHM, the resonance wavelength, and the extinction cross section, respectively. 
Therefore, the ANOVA gives a good prediction of the output dataset as quadratic functions.
To diagnose the input/output datasets, the RSM also employs the studentized residuals, 
outliers, Cook’s distance, and leverage values. The studentized residual is the variance of the 
term ݁௤ normalized by its variance, and should have a normal distribution. Outliers are the 
observations which are far from other output data indicating a measurement error [90]. Cook's 
distance shows the valid output data values [91]. Leverage is used to identify the input data 
values that are located far away from the average predictor value. In addition, F-values are used 
to show how much the statistical model is fitted to the input/output datasets. Figures 6-2 to 6-
4 show the diagnostic parameters including the studentized residuals, the outliers, Cook’s 
distance, and the leverage for prediction of the FWHM, the resonance wavelength, and the 
extinction cross section, respectively. The graphs demonstrate the validity of both input and 
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output datasets. A comparison of the residual graphs and F-values of all output data shows 
better accuracy for the predicted resonance wavelength and extinction cross section than 
FWHM values. Therefore, the graphs and the F-values confirm each other.
Figure 6-2. (a) Studentized residual, (b) outliers, (c) Cook’s distance, a nd (d) leverage for the 
prediction of the FWHM dataset vs. the dataset number (called “Run” in the RSM).
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Figure 6-3. (a) Studentized residual, (b) outliers, (c) Cook’s distance, and (d) leverage for the 
prediction of the resonance wavelength dataset vs. the dataset number (called “Run” in the RSM).
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Figure 6-4. (a) Studentized residual, (b)outliers, (c) Cook’s distance, and (d) leverage for the 
prediction of the extinction cross section dataset vs. the dataset number (called “Run” in the RSM).
A 3D representation of the three stated plasmon factors versus each pair of the input 
parameters (thickness, in-plane width) and (spacing, chain_no) is shown in Figures 6-5 to 6-7.
Figure 6-5 demonstrates that the FWHM drops by decreasing the thickness or the in-
plane width of the nano-sinusoids, increasing the NPs spacing, or shortening the length of the 
NPs chain. However, this drop is more pronounced for thinner or smaller NPs, and is also less 
sensitive to the length of the longer chains (e.g. chain_no>= 4).
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Figure 6-5. 3D representation of the FWHM variations against (a) (thickness, in-plane width) for 
spacing of 33 nm and chain_no of 2, and (b) (spacing, chain_no) for thickness of 35 nm and in-plane 
width of 138 nm.
Figure 6-6. 3D representation of the resonance wavelength variations against (a) (thickness, in-
plane width) for spacing of 29 nm and chain_no of 3, and (b) (spacing, chain_no) for thickness of 13 nm 
and in-plane width of 126 nm.
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Figure 6-7. 3D representation of the extinction cross section variations against (a) (thickness, in-
plane width) for spacing of 31 nm and chain_no of 3, and (b) (spacing, chain_no) for thickness of 20 nm 
and in-plane width of 111 nm. The value 1000 m2 shows that the vertical axes of the graphs have been 
down scaled by 1000. The ECS values actually range from around 50,000 to 300,000 m2.
Figure 6-6 illustrates how the resonance wavelength is red-shifted by decreasing the 
thickness or increasing the in-plane width of the nano-sinusoids, decreasing the NPs spacing, 
or lengthening the NPs chain. However, this drop is more pronounced for thinner NPs or shorter 
spacing.
Figure 6-7 shows how the extinction cross section almost linearly is reduced by 
increasing the thickness or decreasing the in-plane width of the nano-sinusoids, increasing the 
NPs spacing, or decreasing the length of the NPs chain. 
The trends explained above obey the analytical electrostatic eigenmode method formula. 
This method explains how the interaction between multi-NPs grows while a longer chain of 
NPs is utilized, the NPs in the chain approach each other, or the in-plane width of the NPs
increases. In these cases, the coupling constant in Equation (2-59) increases which in turn 
causes more red-shift of the plasmon resonance and wider plasmon spectrum (larger FWHM) 
due to the multipoles interference. However, as observed from Equation (2-59), as the chain_no 
parameter increases, the effect of the quantity on the plasmon spectrum fades. In addition, 
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thinning the NPs increases the shape factor explained, which in turn red-shifts the resonance 
wavelength as described by Equation (2-57). Therefore, the observations in Figure 6-5(a) are 
validated through the formula given in Equation (2-57).
These graphs show that the resonance wavelength and the FWHM responses have a 
curved surface shape, while the extinction cross section response has a smooth surface shape. 
This difference can be due to the formulation of the three output parameters as a function of 
the four independent factors. Therefore, the quadratic approximation of the extinction cross 
section response can be simplified using a first order polynomial approximation. Having a look 
at the extinction cross section formula, many insignificant terms related to its nonlinear 
formulation is observed.
Interpreting the extinction cross section as a first order polynomial gives the following 
formula. This linear estimation decreases the F-value from 939.02 to 119.23 which is still 
significant.
ܧݔݐ݅݊ܿݐ݅݋݊ ܥݎ݋ݏݏ ܵ݁ܿݐ݅݋݊ =  െ2.7 × 10ହ  െ  (119.89912 ×  ݐ݄݅ܿ݇݊݁ݏݏ)   +
 (3075.22284 ×  ݓ݅݀ݐ݄)  െ  (118.43552 ×  ݏ݌ܽܿ݅݊݃)  +  (47753.61044 ×  ݄ܿܽ݅݊_݊݋)
(6-17)
The effectiveness of this method in finding the optimized physical dimension of the nano-
sinusoids on 10 randmoly selected target pairs of {resonance wavelength, FWHM} is 
demonstared in Figure 6-8. This figure compares how close are the resonance wavelength and 
the FWHM of the RSM, to resonance wavelength and the FWHM of the fabricated NPs. In 
these calculations, the extinction cross section, which is the objective function subject to the 
bounds and constraints, is maximized by the NLP optimizer. Putting these data in the RSM 
gives the desirability value of 1 which shows 100% validty of the results on the predicted 
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model. However, solving the optimization problem directly using the RSM is impossible,
because matching of the input/output datasets was not achieved for the particular datasets.
Figure 6-8. (a) Resonance wavelength, and (b) FWHM calculated by FDTD (green), RSM (blue) 
modelling, and fabricated NPs (red) for an optimized set of physical dimensions for given target 
wavelength and FWHM vales. The reference line is shown in green colour.
6.4 Conclusion 
In this work, the interaction of NPs in terms of the LSPR phenomenon based on nano-
sinuoid shapes was statisticaly investigetaed. The statistical method of RSM helped formulate 
the most important features of the LSPR spectrum, i.e. resonance wavelength, maximum 
extinction cross section, and FWHM, as functions of the geometrical factors of the NPs
structure. These formulas can be employed to predict the plasmon response of a particular 
structure before any modelling or fabrication. A NLP procedure is applied on these formulas 
to optimally design a LSPR structure maximizing the extinction cross section function while 
maintaining a desirable constrain on the two other output data (i.e. resonance wavelength and 
FWHM) on all input data. The results of applying the NLP optimization on the model predicted 
by the RSM nearly matched with those of the FDTD simulation. 
The advantage of the RSM with respect to neural networks and other intelligent methods 
is that the RSM is simpler and faster. For the specific application discussed in this chapter, 
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there is no need to use complex intelligent methods because the solution provided by the RSM 
is accurate. On the other hand, neural networks and similar intelligent methods do not often 
produce a mathematical formula for the model under examination. However, without such a 
fomula, the NLP optimizer would not be able to operate. Furthemore, intelligent methods use 
equality formulas as target values, while in the NLP optimizer inequality formulas can be 
employed besides the equality ones. The NLP optimizer is also simpler than other optimization 
algorithms, e.g. genetic algorithms, and works fine for the application in this work. 
The reults of this statistical analysis also demonstrate that the extinction cross section can 
be estimated by means of a linear function with high precision. This simplified function can 
remarkably decrease the computation cost of the optimization procedure.
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7 CHAPTER 7
CONCLUSION AND FUTURE WORKS
7.1 Discussion and Conclusion 
This thesis presented several novel ideas in design and fabrication of nano-plasmonic 
devices, a comprehensive survey on design and modelling of LSPR NPs, and the effect of 
physical dimensions of the NPs on the LSPR spectrum is done. Next, a new NP shape called 
nano-sinusoid was proposed, fabricated, and evaluated, presenting the following important 
modifications with respect to LSPR biosensing: 
The first remarkable feature of the nano-sinusoid shape includes having two hot spots at 
sharp tips, while a nano-triangle shape has one hot spot. Having two hot spots is significant in 
LSPR devices because highly enhanced surface electric fields are generated at these points, 
which makes them very effective in various applications such as biosensing. 
The transition from the symmetry axis towards the external part is changed from linear 
to exponential taper. It has been demonstrated that such a solution implicitly reduces the 
impedance mismatch, hence the device incorporating such a solution exhibits a broader 
bandwidth. 
The off-symmetrical tips are eliminated by smoothing the connection between the two 
arms. Reducing the presence of discontinuity, the surface charge density will be lower, and 
thus the level of charge density near the other existing tips positioned on the main symmetry 
axis of the molecule can be increased. The modelling of the nano-sinusoids and the 
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characterization of the fabricated nano-sinusoids demonstrate much better linearity 
characteristics and therefore, tuneability of the dipolar resonance wavelength in the nano-
sinusoids compared to other sharp tip LSPR NPs. 
It was shown that by using alumina cap on top of nano-particles, one more degree of 
freedom will be added to the structure for fine tuning the plasmonic resonance frequency, 
besides protection of the nano-particles surface against oxidation and high temperature effects. 
Nano-sinusoids show higher enhancement than nano-triangles at the same resonance 
wavelength. The effect of a chain of multi nano-sinusoids on the enhancement of the surface 
electric field was demonstrated using simulation results and validated by the fabricated 
particles. 
The statistical method of RSM was utilized for formulating the LSPR spectrum 
characteristics (i.e. resonance wavelength, extinction cross section, and FWHM) as a function 
of its geometrical dimensions. These formulas were utilized in an optimization procedure to 
optimally design a nano-sinusoid with desired LSPR characteristics.
Generally, all the excellent features of the LSPR spectrum of the nano-sinusoids observed 
by simulation, were validated by the characterization of the fabricated particles.
7.2 Future Works 
7.2.1 Alumina coating
In Chapter 4, it was demonstrated that coating the NPs with alumina gives more degree 
of freedom in the LSPR tuneability, and provides protection of the metal surface from 
oxidisation and high temperature.
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To fabricate the design, we will use the atomic layer deposition (ALD) instrument, to 
deposit thin layers of alumina on top of the NPs.
7.2.2 Biosensing
LSPR devices can be used in a wide range of applications including solar cells, antenna, 
and biosensors. A LSPR-based biosensor is a very effective sensing platform for diagnosis of 
disease, and detection of DNA and bacteria in a small volume of biological samples like blood. 
In addition, it can be used for drug discovery, and genetics analysis. The LSPR biosensor is a 
label free approach for batch processing. Unlike SPR biosensors, the LSPR biosensor does not 
need any optical coupling like prisms and mirrors and thus it is cost-effective, and can be 
fabricated via the microarray format to provide fast analysis. In addition, its low penetration 
length compared to other optical biosensors makes it suitable for detecting single molecules on 
the surface of the device. According to these advantages, design and fabrication of LSPR 
devices are very important for biosensing applications.
For instance, Figure 7-1 shows the preparation process of the LSPR NPs for detection of 
Antibody proteins. 
Figure 7-1. Biosensing platform preparation [92].
The sensing mechanism works based on a comparison of the resonance wavelength shift 
of the sample before and after each stage, using Rayleigh dark filed microscopy.
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According to this process, the biological testing of the nano-sinusoids for detection of 
various proteins, and comparing the sensitivity of the device with other sharp tip devices like 
nano-triangles and nano-diamonds is proposed. Regarding the smoother LSPR spectrum of the 
nano-sinusoids and less multipoles in the nano-sinusoids than other sharp tip LSPR NPs, higher 
sensitivity of the nano-sinusoids than other shapes is expected.
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